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PREFACE. 



The following pages arc intenclod to cxpkin certain mathemat- 
ical truths, which were discovered by the author while engaged 
in a aeries of investigations made during the hours of I'est from 
the labors of the college and the counting room. They consist 
chiefly of new methods employed in the solution of problems 
which have heretofore been regarded by mathematicians as impos- 
sible ; and, although the author's mind has been employed with 
the subject for a number of years, the result of tlie investigations 
are now published for the first time. 

If the discoveries should not come up to that standard of brill- 
iancy which commands attention, it is hoped that they may be 
found worthy of a fair and impartial consideration. 

The author scarcely dares to hope, with the many examples of 
failure before him, that at the outset the entire mathematical 
world will bow in submission to his decree, or submit uncondi- 
tionally to the power of his reason or the force of his logic ; nor 
does he desire that the glorious fabric, which the mathematical 
genius of the world combined baa reared as a monument to the 
memory of departed greatness, should crumble into dust by a 
single touch. Ah, no ! ilather let the ivy of remembrance for- 
ever remain green upon their mausoleums, and the vines of glad- 
ness encircle their remains. But if Genius, while pursuing her 
walks amid these temples of departed greatness, should suddenly 
be inspired by Wisdom, and conceive Truth, who would be so 
poor as to refuse a garland with which to crown her brow, where 
truth sits enthroned ? 

The discoveries are as follows ; 

1. The Quadrature of the Circle. 
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2. A Common Measure of the Side and Diagonal of the Square. 

3. An Infinite Series of Bight-angled Triangles, with a Rule 
for their Solution. 

For information concerning the History of the Quadrature of 
the Circle, the reader is referred to the Introduction, which begins 
on page 9, of this book. But before we proceed too fer in our 
investigation of the subject, it seems proper to inquire first what 
is the circle. If a draughtsman or mechanic take an ordinary 
pair of dividers, and with one foot as a center, and the other 
starting at a certain point, cause it to describe a curve which is 
constantly receding upon itself, this point will return to the point 
from whence it started, when it is said to be an inclosed curve ; 
and the curve, which is described by one j-wint rotating around 
the other point within, is said to he the circumference of the 
circle, every point of which is equally distant from the point 
within; and this point within is called the center of the circle; 
and the plane figure which is inclosed by the circumference is 
.said to be the circle itself. But a matliematieal circle is more dif- 
ficult to comprehend. If we say that to make a dot with a pen- 
cil tliat it is a point, the definition is sufficient for mechanical 
pui'poses; but a mathematical point has position only, and no 
magnitude, because it has no size. So, also, a mathematical cir- 
cumference is a curved line constantly receding upon itself; but, 
like a mathematical straight line, it has length only, idthovi dtlier 
brctidth or thicknesa, A mathematical circle, then, is a plane fig- 
ui-e, which is inclosed by a ciu-ved line so finely defined as to be 
invisible, not only to the naked eye but by the means of the most 
powerfiil mieroacope which it is likely ever will be made, yet its 
existence can be as certainly determined, mathematically, as if it 
-were drawn mechanically upon wood or paper, and not only its 
figurcj but its dimensions, and consequently the ratio or pro- 
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portion of its different parts one to another. But it may be ob- 
jected that it has no real existence, because we can not see it. It 
may be answered that it has a mathematical existence, which can 
be so plainly demonstrated by sensible figures that the human 
mind finds it impossible to doubt it. Just as the Deity has an 
eternal existence, for neither can we see Him " and live," but it 
can be shown that He is, for "the invisible things of Hiin,from the 
creation of the world, are clearly seen, being understood by the things 
that are made, His eternal poioer also, and divinity;" and it is a won- 
derful truth that space, which is also said to be infinite, can only 
even be partially measured by the aid of the power which we ob- 
tain from the science of numbers, because, by their aid, we can 
reason mathematically and truly fiir beyond what we can see. It 
may be said with truth that the circle, the square, and even the 
triangle are emanations from the divine intelligence, as well as the 
science of numbers, by the aid of which they are measured, be- 
cause they are a contrivance ; and if there is contrivance there must 
have been design ; but there is contrivance, therefore there was design ; 
and if there was design, there must have been a designer; and it 
is very evident this designer was not man, who has expended all 
the talent, energy, and ability he ever had in trying to find out 
what the circle is, and has ignominionsly failed. And after all 
the struggle, by simply turning our eyes to Holy Writ, there we 
find it, simple and beautiful as trath itself, of which it is a fit em- 
blem, for it has no fiiult — it is perfect. " Verily the foolishness of 
God is wiser than men," The Designer, then, must have been one 
of infinite power and wisdom, " higher than the heavens," " who 
dwelleth in light inaccessible ; and if so. He must have used such 
number.s as in His infinite wisdom would best aocomplish that re- 
sult, and these numbers must be such as is commonly found in all 
His worlts. Let us " come and see." 
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By Proposition 2, Part 1, it is proved that, if from the cir- 
cumference of the given polygon the ^jth be deducted, the re- 
maining f ^- will be exactly equal to the circle itself; and if the 
scLuare root of the f^ be extracted, the result will be the number 
7, which is the base of the syst«m. 

Again, by Proposition 3, Part 1, it is proved that, if from 
the sums of the squares of the two sides of any square the ^V^h 
be deducted, the square root of the remaining ^ can be extracted 
exactly, which will be 1, tlie hase of the system or the generating 
number ; and if the square root of the -^^ih be extracted, it will 
give the number 1, which is another generating number. 

Coincidence from Holy Writ. 

Levit. xxiii,, xxiv., and xxv., see the numbers 7, 49, and 50. 
Genesis, Exodus, Leviticus, Numbers, Deuteronomy, and Apoca- 
lypse for the number 7. 

By Case 2, Part 1, it is shown that the sine No. 1 was divided 
into 14 parts, and each part was ■^. 

Coincidence from Holy Writ. 

See Genesis, Exodus, Leviticus, Numbers, and St. Matthew for 
the number 14. 

See Genesis and Daniel for the number 70. 

By Case 2, the inscribed double triangle for double the number 
of sides was proved to be ^ ; by Case 3, i^hn ! ''y Case 4, 
7 FS7S fl TTTTi ^^^d SO on od infinitum. 

Coincidence from Holy "Writ, 

See Genesis, Exodus, Leviticus, Numbers, and Apocalypse for 
the number 2. 

See Job, chapters 1 and 2, for the circumference and diameter. 

See Genesis for the circle. 

See Apocalypse for the square. 

" And the atone which the builders rejected was composed of three triangles." 
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I3:iSTOS."2" 



QUADRATURE OF THE CIRCLE, 



EABIN, A. B., Louisvir.LE, Ky. 



It has seemed to us fit to treat here separately this Great Question, 
on aoeount of its i;reat celebrity, aad we shall not hesitat* to give some 
of the silly notions to which this problem has given rise in ill-balanced 
and enthusiastic minds. 

To square the circle is to assign the geometrical dimensions of a 
square equal to the circle. The quadrature of the circle has been at- 
tempted in several ways, by endeavoring to find a square or any other 
rectilineal figure equal to the circle. A-s it was soon found that the 
rectangle of the radius, by half the eireumfercnce, is equal to the area 
of the circle, the problem was soon reduced to finding the length of the 



circumference in terms of the 
edes was the first 1 ml 
consequence of wl t w 1 
polygons of whi h th i 

The circle b^i {, ^ * 

anee, geometric n y t 
Thus we find th t tl ph 1 
this question in 1 p ' 

problem, and it 1 1 h a t th 



■idiua We can not believe that Archim- 
■ th t tl for it is a necessary 
k w tl e measure of regular 

t J t the last of all. 

fi th most simple in appear- 

b n to seek for its measure. 

A coupled himself with 

I pp t f Chios tried the same 

y fwl t called his lune, a sur- 



y Google 



10 INTBODUCTIOK. 

fiec in tlie fclijpe of a crescent houndel bj two arcs ani^ exactly equal 
to J, vcQ t[iiiiL He also found two unequ 1 lines wliieSi were to- 
etlier equal to a rectilineal fii^uie so fhdt if their relation could bave 
bcea fouud the solution of the pioblem would have been obtained. 
But this no one hen yd been ahli. to do ■nor is tf hkely ever to be done. 
We are also ludebted to Simplicms fii the history of a. disciple of 
Pythtgoraa nimed Sextus who tKimed to have solved the problem, 
but his reasoning lias not been tiacsmitted to u3. Finally, this in- 
quiiy at that early day becime so famous that Austophanes in ridicul- 
ing Meton males him appear on the stage in his "Comedy of the 
Clouds as promising to square the e lele about 430 years before 
Christ This WIS all tic uioil aaiusiog fiom the fact that people gen- 
erally biipp e that to attemjt t£ square the citdi- is the same thing as 
trying ti make a circle square which implies a Biaoifest contradiction. 
Yet th s was that Meton so icaowned foi his d seovery of the cycle of 
nin teen jeii of whom togethei with Socrates (he comedian made a 
public UUghmg stock 

Ari&totle mentions two of hi& contempoiaries Bryson and Antiphon 
whj woiked it the quadrature of the circle Nothing could have been 
more giossly inaceurate thin Bryson a pretended quadrature; for he 
made the eircumfeience of a ciicle equal to 8J times the diameter. 
But Antiphon state! that having msenbed a square in a circle, if an 
iboceks ti angle having the chord for the base be inscribed in each of 
the renn n ng se^meots an 1 similar tiiangles in the remaining eight 
segments and so on the sum of all these reet 1 neal figures would be 
equal to the cncle nothing could be moie true than this, and Aristotle 
was undoubtedly wring in calling Antiphon o. paralogisi, for one of 
Archimedes' two quadratures of the parabola depends upon the same 
operation ; bat this method has not yet succeeded with the circle. 

It might he supposed that Archimedes applied himself to the solution 
of this problem, and that he gave his approximate measure of the cir- 
cumference of a circle only for want of the long-sough t-for vigorously 
exact measure. His discoveries on tho spiral, if they have preceded 
his hook on the dimensions of the circle, might well inspire him with 
the hope of finding the length of tho circumference. However, that 
may he, Archimedes showed, about the year 250 before Christ, that if 
the diameter of a circle is 1, its circumference is less than 3|^ or SJ-, 
and more than 3|f; by taking 3| the error is less than the ^^ of the 
diameter. The calculation of Archimedes is singularly skillful, and 
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INTRODUCTION. 1 1 

anticipates the objfftion made hy '■omo of those who reject his account, 
foi' the reasott that he (ould not precisely extract the square roots of 
the several numbei'' u&i,d in hii cakuktioii. But I have known some 
of these individuals, and I htve never found a single one who knew 
Archimedes othetwise thin hy name 

* Wo still iurthcr know by the testimony of Simplicius, that Nieomedes 
and Appoloniut hnd tried to squaic tho circle ; the first hy means of 
the curve, which he e ills quad) ant or the quadratipii, the discovery of 
which, however, m usually a'icnbed to Dinostratos ; and the second, hy 
means of a certiia lino which he called the sister of the tortuous line, 
or the spiril, and which was nothing else hut the quadratrix of Dinos- 
tratos. This quadiatrix, invented m truth at first to divide the angle 
ill any way whatever, would give thf quadrature if its extreme limit on 
the radius could he found. Perhaps Appolonius or Nieomedes dis- 
covered this property ; be this so or not, Eutocious tells us that Ap- 
polonius had carried further than Archimedes the close relation of the 
diameter to tho circumference, and that another geometrician named 
Philo, of Gfadares or G-adcs, had gone still further, so that the error 
did not esaeed the ^jTjijjjTjth. The moderns have carried this accuracy 
much beyond this point. 

Finally, among the ancients there were many of those persons un- 
worthy the name of geometrician, who pretended to have found 
in different ways the quadrature of the circle. Jamhlicus, cited by 
Simplicius, says so expressly. Bat their false reasoning has not reached 
us, and no doubt did not deserve it. 

The Arabs, who followed the Greets in the Culture of the Sciences, 
must also have had their quadratures ; but all we know about it is that 
some of them supposed they had discovered that the diameter being 1, 
the circumference is the square root of 10 ; a very grave error ; for it 
exceeds 3.162, and the circumference, according to the account of Ar- 
chimedes, ie not quite 3.142857. For the rest we see in the catalogues 
of Arabian writings several works entitled de quadratura CircuH ; 
like several others on the trisection of the angle, the duplication of the 
cube, etc. 

We pass rapidly over the centuries of ignorance which produced a 
few treatises on the quadrature of the circle, manuscripts left remaining 
in the dust of libraries, until we reach the period of the revival of let- 
ters among ourselves. About this time the famous Caedinai. de 
Cuba distinguished himself by bis unfortunate attempts at the solution 
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1 2 INTRODUCTION. 

of this problem. Nerertlieless he tried an ingenious method ; he rolled 
a circle on a plane or line, and supposing that its circumference was 
applied to t wh lly u t 1 the point which had first touched it touched 
it again; h tl 1 ju tly inferred that this line would bo equal to 
the circumte n H even conceived the outline of the curve, which 

the point tl at fl t t u hed tie straight line was to describe which 
formed th u n called the Cycloid. But he supposed, with 

Charles de B ell , n tb following century, that this curve was itself 
aa are of a circle, and from this he claimed to determine it by a geomet- 
rical construction whicli was entirely arbitrary, resting on no real 
property of this moveaieot. He also tried anotlier method, according 
to which he gave the following solution of the problem : a circle being 
given, add to its radius the side of the inscribed square, and with this 
line as diameter describe a circle, in which is inscribed an equi- 
lateral triangle, the peiinuter of this triangle will, says Cardinal de 
Cusa, be equal to the circumference of the first circle. 

It was not difiicult for Regiomontanus to prove that Cusa was mis- 
taken ; this relation of the circumference to the diameter fell outside 
the limits demonstrated by Arehimedea; that is according to this re- 
lation the diameter would be to the circumference as one to a number 
greater than ^ already too large. Besides, the Cardinal learned for 
his age, though very much addicted to astrology, he presents in the 
collection of his works several geometrical tracts which are full of 
paralogisms. 

We have just spoken of Charles de Bovelle or Carolus Bovillus, dis- 
tinguished at the time by the title of noble philosopher. He signalized 
himself by the strangest ideas He gave in 1507 a work entitled: 
Inlroduclioniim Geomelricutn, translated into French and republished 
in 1552 under the auspices of Oronce Fin&, under the titje of Geome- 
trie Pratique, ComposSe par le nohle Philosopha, Maiire CltarJes de 
Bovelle, etc. He claims to give there the quadrature of the circle ac- 
cording to the idea of the Cardinal de Cusa, which, he says, came to 
him by seeing a wheel moving on the pavement. But the construction 
by which he pretends to give the length of the line to which is ap- 
plied the circumference of the rolling circle is absolutely arbitrary, and 
it would follow that the diameter is to the circumference as 1 is to the 
square root of 10, or 3.1618, which is far from the limits of Archimedes. 
What is also singular, is that in this same book, and in an appendix 
added to the first volume of the preceding works, he speaks of the 
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INTRODUCTION. 13 

quadrature of the circle made hy a poor peasant, according to wliioTi 
the circle having 8 for diameter is equal to the square having 10 for 
diagonal, that is to 50, which is fjUe, for the circle is in this case less 
than 50^, and more than 50^, and the quadrature of Bovelle does not 
agree with that of the peas mt, which he considers as true ; for the 
1 tt g th elifion of the diameter to the circumference exactly as 
1 0000 t 3 1 50 , the noble philosopher even wanders further from 
tl t utl than the peisant does heluw , and he might have hcen told 
th t wh n n mistaken he ought not at least to contradict himself, 
B II y f Isely, that these relations coincide. Either he had not 
p f m d th alculation himself, or he did not know enough arith- 
metic to extract hy approximation a square root ; these works of Bovelle 
are pitiable ; his manner of cuhing the sphere is preeminently ahsurd. 

We are sorry to find in the saiae class a royal professor of the 16tli 
century, named Oronce Fin6e, who, by his numerous works, acquired a 
kind of fame. He gave in his Protomathesis a quadrature of the circle, 
a little more ingenious, in truth, than that of Bovelle; but which is, 
nevertheless, a paralogism. On the pointof dying, in 1555, he urgently 
advised his friend, Mizault de Monthu^on, to publish his discoveries, not 
only upon this subject, but also on the most famous prohiems of geome- 
try, such as the triseotion of the angle, and the duplication of the cube, 
and the inscription in the circle of all regular polygons. Miaault kept his 
word, and in 1556 published this assemblage 'of paralagisms under the 
title of De rebus Mathematieus Aactenus desideratis, libri IV. Most of 
these problems are solved in various ways by him ; ■ it happens that his 
difierent solutions of the same problem do not agree with one another, 
nor with those of Bovelle, and of his rural geometrician which he had 
approved by puhiishing them, it was the height of false reasoning in 
geometry; consequently he was easily refuted by the geometrician 
Buteon, who had been his disciple at the College Eoyal, by Monius or 
Nuuez, a Portuguese geometrician, and several others; but still he 
died satisfied, fully persuaded that his name would he plaeed on a level 
with those of Archimedes and Apollonius. This scandal was renewed 
among the royal professors in 1600, when Monantlieuil, one of their 
number, published a quadrature of the circle. 

One Simon a Quercu (doubtless Duchene or Van Eek) appeared on 
the arena a few years later, in 1585, and proposed a quadrature of the 
circle. His pretended discovery was much less wide from the truth 
than those of his predecessors and fell within the limits of Archime- 
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14 ISTltODUCTION. 

lie Si I'Ller M tiu? who unlertjok to refute h m wasi obli,,cl to 
sei.L toi a cioser lelation ot the hameteri to llit, tircumfereute an 1 
found that the one was to the other as 110 to 355 The ptetended 
quidiature nf Duchenc tould not stinl this test and must be named 
only because it led to the curious and elop^xnt discovery of Mctius 
foi this relation of 113 to oj^ reduced to decimals is the same 
as 10000000 to 51415929 which is it the most hut^-j^ij^^ of the 
diametei m txee s The dnmetei if the earth bein^ only 6542810 
(toises) or 13936912 yards, the error made by this relation of the 
oireumfereuce of a circle of that size would scarcely he 2 (toises) or 
4 yards. If those who connect in their miuda the problem of the 
quadrature of the circle with that of longitudes, knew what wo have 
just said they would soon see their mistake; for, if these problems 
were connected with each other, what would be an error of 4 yards 
on a track around the earth? The Spanyai'd, Sir Jaime Falcon, of 
the order of Our Lady {^Nolre Dame), of Montesa, published in 1587, 
at Antwei'p, his paralogism on the quadrature of the circle. His 
book is rendered amusing by a dialogue in verse between himself and 
the circle, which thanka him very affectionately for squaring it ; but 
the good and model knight ascribes all the honor thereof to the holy 
patroness of his order. The paralogism was apparently so gross that 
no one took the trouble to refute it. 

But a man much more famous than the foregoing challenged the at- 
tention of learned Europe by his pretensions on the quadrature of the 
circle ; it was the celebrated Joseph Scaliger, Full of self conceit, he 
supposed that he had only to present himself on the field of geometry 
and that nothing that had bafHcd geometricians until then could lesist 
a mau of letters with his powers. lie therefore undeitook to find the 
quadrature of the circle, and put foi-ward, with much hraggadocia, his 
discoveries on this subject in a book which appeiied in 1512 Nova 
Chfchmetria ; but he had no cause to congiatulato himself on having 
thus wished to place himself among geometricians For he was re- 
futed by Clavius, Vietc, Adrianus Komanws, Chnstmnu, etc, who 
showed each in his own way that the size which he assigned to the cir- 
cumference of the circle was only a little less than the inscribed poly- 
gon of 192 sides ; which being absurd, demonstiated the inconectnews 
of Scaliger's reasoning; but he did not sunemler, and ne\er did i 
man who thought he had discovered the quidiaturo of the emie, the 
triseotion of the angle, the duplication of the cube, oi peipetual motion, 
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INTKOBUCTION. 15 

gi\e in to th(, plmneBt reasoning. He will sooner deuy tbe most cle- 
inentiiy piopositions of geometry, like Moliensis Cana, who found no 
less than twenty seven false propoeitiona in the first book of Kuclid. 
fecaliger lepjied with bitterness to the geometricians who had censured 
his quadiatuTt , he treated them with contempt, especially Clavius who 
had aheady wounded him by an answer to his attack on the Gregorian 
Calender. Unfortunately for the honor of Scaliger abuse is not rea- 
soning, and the established fact remains that Scaliger, an eagle in 
literature, was nothing in geometry. 

Scarcely had Scaliger disappeared when one Thomas Gephiraader 
came to take his place. But he had not Scaliger's pride ; he acknowl- 
edged, even in the title of his book, that his discovery was simply the 
result of divine Grace. We shall see many others gifted with this 
same spirit of humility. The paraloffism at Gephirander nevertheless 
was palpable ; for it consisted in the pretension that if between two 
magnitudes there is any geometrical relation whatever, the same i-ela- 
tion will exist if the same quantity is taken from each. Thus, according 
to this illuminate, the same relation esiste between 2 and 5 as between 
3 and 6, since only the same quantity, viz., unity is subtracted 'from 
each of these aumbers. But scarcely any of the follies with which 
false reasoning, a false mind, and the conceit of never recanting one's 
errors inspire these visionaries have equaled those of Alph. Cano, of 
Molina, in a book entitled : Nuevos descubrimtentos Geometricos. He 
remodels the whole of Euclid, and scarcely one of his propositions ia 
spared by him. Yet who would believe it ! he found another fool, 
named Janson or Jansen, who translated him into Latin under the 
title of Nova reperta Geomelrica, etc. Moreover Cano admitted that 
he had not the least idea of geometry until the Deity, whose delight it ia 
to humble the proud and enlighten the ignorant, had inspired him. 

A similar wiseacre presented at the same time in France his paralo- 
gisms upon the quadrature of the circle and the duplication of the 
cube. It was a merchant of Kochelle, called De Laleii. This one also 
pretended to have received the solution of these problems by divine 
revelation, and announced that the union of the Jews, Turks, and Pa- 
gans to the Christian religion depended upon the manifestation of this 
truth. In fact, according to him, the quadrature of the circle was the 
quadrature of the heavenly Temple, and the duplication of the cube 
that of the elementary, terrestrial, and aquatic altar, whence was to flow 
n of the Jews, idolaters, etc. Accordingly some religion- 
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ists, overexeited by iueditatioD, dabbl«d with the matter, and the su- 
perior of the Jesuits even invited some able geometricians of that time, 
1 k My 1 g H ly tc t f w th L 1 Th It can easily 

b f n — t p b! t w th p wl have no priu- 

pl m th H dy h w d th tnesa of the 

1 t n t f t y t 1! g m t f , as this La- 

1 (1 e lit t th p b] m H dy m de it appear 

th t tl I d t w tl 1 th B t L 1 u, baekcd by 

Pi hllkj dbySth dTde Dunbar, 

dd t ptli ttutlfthdth "Wps lightly oa 

m tl I d t t tl 1 J p i 1-y jmoua writer 

fit d 1 J B t S tt wh ra &t C! jil professor, 

and H dy f t d t m t L m t h defiled, s.o to 

p k th 1 t y f 1 1 f ^y h p t the quadrature 

f tl 1 Th t t m f m ]y d 1 1 f Tycho Brah^, 

dkwlygdwk t mym d 1622, that he 

hdd dtl It f th 1 ! ted p >1 , which lie pub- 

lished under the title of Cyclometria lunulis redproci demomtraia, etc. 
He claimed to have found that the diameter is to the oircnmferenee as 
1. is to 3.14185. In vain did Snellius, Henry Briggs, Guldin, warn 
Lim with moderation of his mistake, by showing him that the diameter 
being 1, the eireumference is more than 3.14159, and less tban 3.14160. 
But Longomontanus was not at all ioclined to give in. He heaped a 
thousand bad reasons against the ealeulations of Vieta, Adrianus, Ro- 
manus, Ludolph, Vanceulen, SDellius, who were unanimously opposed 
to him. Soon he saw the quadrature of the circle in the mysterious 
properties of the numbers 7, 8, 9, and of the proportion sesqui fertiam, 
or of 3 to 4 ; he spent the last years of his life in publishing new va- 
garies : his different quadratures do not even agree together. The 
geometrician Pell attempted, about 1644, to set him right; he made 
him see, by a calculation, without the eitraction of any root, that his 
relation would make the circumference greater than the circumscribed 
polygon of 236 : the stubborn and irritable old man died iu, 1647, per- 
suaded that he alone was right against all. 

About the same time a new pretender to the honor of squaring the 
circle appeared in France, in the person of one 8. Oudart, of Ogen, 
author of a work entitled, Supplememtum Svpplementi Continens. He 
gave a geometrical construction quite ingenious, and which would, in 
fiict, give a line equal to the circumference, if three points which he 
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supposes in a straight line were so in fact ; besides, he did not deduce 
frum it any numerical relation. His reasoning was about the same as 
that of Mallemant, of Messangc, who,. among many insignificant works, 
gave, in 1685, a quadrature of the circle, with a pretty rational history 
of the problem. He supposed that the three points wore in & circular 
line, for which he had no warrant. They were not deemed worthy of 
a refutation ; both might have been undeceived by making hia construc- 
tion only 2 feet in diameter. 

The famous Hobbes appeared shortly after, about 1650, with his 
claims, not ouly to the quadrature of the circle, but also the rectifi- 
cation of the parabola, etc. His pretended solution having been refuted 
by Wallis, he took occasion to write against geometricians and geome- 
try itself. Almost every year he wrote somethiug new on this subject, 
and went always from paralogism to paralogism. One of his writings 
is entitled: Rosehim Geometriciim, or the Geometrical Boquet. He 
abused geometricians a great deal, and Wallis in particular, and showed 
in several ways that his pretended discoveries were ridiculous. 

Bertrand la Costa published in 1666, and again in 1677, a work en- 
titled : Demonstration of the Quadrature of the Circle. But it was of 
no value and was treated with contempt by the French Academy of 
Sciences, 

Three other semi-mystical visionaries presented to the public some 
vagaries on the quadrature of the circle. One John Baelion, of Lyons, 
announced in 1657 his discovery by a work entitled: Demonstratio 
divini Theoremads Quadraturae Cirmdi, theologica, pMlisophica, Geo- 
me^-ica «( Meeanicaeutn ratione qua/tititatwn incommensurahitium. The 
geometrical quadrature would have been enough; and people may judge 
of the author from hia mixing together all these different methods. 

Au anonymous writer proclaimed in 1671 that the reign of the 
greatest king of the universe was to be rendered illustrious by this 
most .brilliant discovery, and undertook to prove it by a pamphlet in 
4to, entitled : Demonstration of the Divine Theorem of the Quadrature 
of the Circle, and the relation of this theorem with the Visions of 
Ezcchiel and the Revelation of St. John. He does not fail, after the 
example of his colaborers, to ascribe his discovery to a special favor 
of the Divinity, according to this passage of the Scriptures : Eevelasti 
ea parvvMs. In fact, there is found at the end of this work a large 
mysterious board, presenting on a common center four decreasing pyr- 
amids of circles and angles, which represent the Angelic Hierarchy. 
2 
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The third fool was named Dethlef Cluver, grandson or nephew of the 
celebrated geographer of that name. By ransacking the seieace of the 
infinite, on which he promised a great treatise, he finitely discoyered 
that this problem, to find the quadrature of the circle, reduces itself to 
this one : to construct a world analogous to the divine intelligence : 
ChnsCruere Mundum divinae Menti Analogum.; he promised to give 
geometrically and vigorously the solution of the first. Meanwhile, he 
(unsquared) dequarratl the parabola, and claimed that all that the 
geometricians had found on the curve figures was incorrect. (&e Acta 
iipsiensia Julii, 1686, October, 1687), Leibnitz propounded doubtless 
to amuse himself some doubts on these vagaries. He wanted to pitch 
this Cluver against Nieuveutit, who at the same time accumulated piti- 
able objections against the new calculations of the infinite that would 
have amused the geometricians. This trick did not succeed. 

But among oil the discoveries of the quadrature of the circle one is 
a kind of phenomenon, the only one who as yet admitted his mistake. 
It is Richard Albinus (White), an English Jesuit, author of a work 
entitled : Chiysespis ten Qimdratura Circuli, in which he gives a false 
solution of the problem. But some friends opened his eyes, and he 
also acknowledged his error on the rectification of the spiral. 

A better knowledge of geometry did not keep the 18th century from 
similar follies ; there is not even a doubt that succeeding ages will resem- 
ble in this respect the past. In 1713, a Mr. G. A. Roerberg undertook 
to show, that the circle is equal to the square of the side of an inscribed 
equilateral triangle; he did not perceive that it follows that the cir- 
cumference would he exactly three times the diameter, or equal to the 
inscribed hexagon. 

The solution of the three problems which have so long puzzled 
narrow intellects, the quadrature of the circle, perpetual motion, and 
the triseetion of the angle was also announced in 1714 with much em- 
phasis. The first discovery was that of one S. Daniel Wayvel, a Dutch- 
man, and it was a palpable paralogism. From it followed that the 
diameter being 1. the circumference was, 3.142 exactly, which is alto- 
gether too much. 

Usually the (jiuadraleurs) come off with seeing their discoveries 
neglected or scoffed at hy their cont^jmporaries ; but in 1728, Mathulon, 
of Lyons, was more unfortunate. He announced to the learned world 
his signal discoveries of the quadrature of the circle and perpetual mo- 
tion. He was so confident of his success that he appropriated 1,000 
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eroWBS for whoever would demonstrate to him that ho was mistaken on 
either of these points. Bat Nicoli then very young demonstrated his 
error, and MatUulon admitted it but he ob|eeted to the payment of 
this sum which Nieoli had abandoned to tlie Hotel Dieu of Lyonb. 
The matter was brought before the eourto of that city and the 1 000 
crowns adjudicated to the poor 

In spite of this ill-sueeess a, new aspirant to the honor of squinny 
the circle was soon after seen It was Bosselin profes or ot the Uni- 
versity ; his calculations were so complicated ind "■o long that ni one 
would have been willing to follow and verify them But there is in 
such a case a means of detecting the jmstake, JBarben du Bowg, who 
later devoted himself to medicine, employed it by showing that the re- 
sults of Basselin fell outside the known limits ; for the rest, he was 
such a novice in geometry that he did not know that Archimedes had 
squared the parabola. Yet I have seen a beautiful Latin poem which 
celebrated the glory of Basselin and that of the college which his dis- 
covery had made illustrious. 

The abbot Falconet, brother of the celebrated academician of that 
name, also published, about 1740, a little work in which he claimed to 
have discovered the quadrature of the circle. His process was less 
awkward than inauy others, but la Land, who was his friend, vainly 
endeavored, a few years later, to undeceive him. 

Leistner, an officer in the service of the emperor, made more noise, 
and Buocoeded in having an imperial commission appointed to judge of 
the truth, real or assumed, of his discovery. Ho was, like many others, 
persuaded that in the series of numbers there are two which express 
the ratio of the diameter to the circumference, and that if the quadra- 
ture of the eirele was not found it is because no one has been fortunate 
enough to put his finger on these numbers. In the first place that is 
a very false idea, since it hm heen demonstrated that there is no two num- 
hera which express exacAy ike ratio of the side of a square to the diago- 
nal ; and it is also demonstrated that there is none which express the 
ratio of the diameter io the circimference, but Leistner thought he had 
found these highly favored numbers in the following : 1225 and 3844, 
for these numbers are two squares, and even prime to each other. They 
are derived from 35 and 31, which, according to Leistner, express the 
relation of the square to the circumscribed circle, and squaring them 
both and quadrupling the last they must express the relation of the 
diameter to the cireumference. But Marinoui, reporter of the Com- 
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mission, made it appear that tliis ratio of 1225 to 3844 is Dot even as 
accurate as that of 1 to 3^, aud that it gives a cireumlereiice which 
falia below the least limits of 3|- and 3-ff , tUe last of whicTi is less than 
the polygon of 196 sides. 

There is a quantity of other couples of numbers enjoying the proper- 
ties deemed so wonderful by Leistner, and which gives a value nearer 
the circumference, as was shown by Lambert in his Beylrage or Me- 
moires de Mathemadqttes, Vol. II, 1770, page 156. What Leistner 
thought he had found by a special favor of God can be found in a thou- 
sand ways by an analytical process. The Commission, on the report of 
Marinoni, rejected the di&eovery of Leistner, who, like his compeers, 
appealed from the judgment in a work entitled Nodits Gordiws. It 
afforded Marinoni the occasion of publishing a work, where the process 
of determining the ratio of the diameter to the circumference is devel- 
oped and expounded in a manner to convince any one but a man who 
thints lie has found the quadrature of the circle. 

In 1751 a pastor or preacher of Kattembourg announced to the pub- 
lic this beautiful discovery, and soon after an inhabitant of Rostock 
enrolled himself as a volunteer for the same object. One of the two 
claimed that having entertained a Frenchman the latter liad seen 
some of his papers and taken unfair advantage of the circumstance. 
Yet, about 1750, Henry Sullamar announced in England the quadra- 
ture of the circle, and found it in the number 666 of the Apocalypse ; he 
published periodically every two or throe years some pamphlet in which 
he endeavored to prop his discovery. Paris soon enjoyed a similar 
spectacle. In 1753 an officer in the guards, Sir de Oausaus, who until 
then had never had any suspicion of geometry, suddenly found the 
quadrature of the circle in having a circular piece of sod cut, and then, 
rising from truth to truth, explain by his quadrature original sin and 
the Trinity. He pledged himself by a public writing to deposit at a no- 
tary to the amount of 300 000 fiancs to wager with those who might 
wish to appear against. him and actually deposited 10,000 francs for the 
benefit of any who might show him his mistake. That was certainly 
not difficult; for it followed from hi'i discovery that the square circum- 
scribed about the circle wa"! equal to it and, consequently, the whole to 
its part. Some persons undertook to wm the 10,000 francs, among 
others a young lady sued him , some others, in answer to his challenge, 
deposited different sums of money with the notaries. But the king 
adjudged that the fortune of a man, who was really innocent, ought not 
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to suffer from, such eccentrieities of mind; for, oa every other subject, 
Sir de Cauaaus was a very estimable mac. The suit was quashed and 
the beta declared void. Yet the knight found the means of obtaining 
the judgment of the academy wUich considerately refused to speak, but 
which was finally compelled to give its opinion. 

We shall pass more rapidly over the names of other discoverers of 
the quadrature of the circle. Bondee, of Nangis, found it, not by 
measuring curves by straight lines, but straight lines by curves. Liger 
filled fea Mercur^ with similar follies on the quadrature of the circle. 

He demonstrated it by the Meccanisme en phiu des fyura, whioh 
gave him, independently of the quadrature of the circle, the commen- 
surability of the side of the square and its diagonal, by making out 
that 288 are equal to 289. Sir de Culant fell on the same discovery 
some years ago, and would also no doubt have discovered the quadra- 
ture of the circle had not death tjiken him away. La Frenaye, foot- 
man to the Duke of Orleans, spent twenty years in wandering from 
paralogism to paralogism, and in sifting the numbers 7, 8, and 9, which, 
according to him, contained the whole mystery of the quadrature. 
Clerget saw some contradiction in the relation more or leas near of the 
diameter to the circumference given decimally, and had besides found 
the size of the point of contact of a sphere with a plain. Some years 
ago Maure used to weary all those that would listen to him by the re- 
cital of the injustice ofgeomctricians and the Aeademie of Sciences. He 
intended to cro-^s ti Fn^lind where he was sure to find more equitable 
judges m the Royil Socioty 

Wg mu^t not forget one of the modern Quadrateurs who outdid 
many others in 'iint.uinenesi tnd absurdity. It is Rohberger de Vaus- 
enville The challenges he had made to the geometricians of all 
nations even Turk and Arabian aa well as to all academies, the suit 
brought foiward against the Ac idem y of Sciences to secure for himself 
the Cipitil of ihe piize established by Count de Meslay, his indecent 
attacks upon all geometririins who tried to enlighten or teach him, 
have made him firaous among thoie who have followed this path. 

Hia hnal theorem is that the squ'ire of the diameter is to that of the 
CLrcumforence as 22 times the ridius multiplied by the square root of 
3 IS to 432 t mes the radius A more esperienced geometrician would 
have said as eleven times the square root of three is to 216. That 
made the circumference of the circle whose radius is one equal to 3,36^ 
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which differs from the known proportion even in the 2d figure. It 
would follow from the pretended diacoverj of Vausenvillo that the eir- 
cumferenee of a circle would exceed the circumscribed polygon of 12 

Even at the present time, citizen Tardi, an old engineer, applies to 
the institute, the Carpi Legidatif and all the world, to show his quad- 
Fiiture. He is having pamphlets printed, but is waiting for the pro- 
ceeds of subscription. We have alao just received a print with the 
title : Final Solution of the diameter of the Circle to its Circumference, 
or the discovery of tho Quadrature of the Circle, by Christian Lowen- 
Btoin, Architect, Cologne, 1801. His method consists in applying to 
a great quarter of a circle a strip of iron and he finds the circumference 
to be 3.1426. 

These publications come to us more especially in the Spring of the 
year, when fits of folly are more frequent, and cit. de la Land, who spent 
a year at Berlin, says it was the season when the Academy of Berlin 
received most writings of that kind. 

We were, perhaps, wrong in dwelling so long upon these follies ; 
we now pass to a more important article about this Bubjeut. 

The impossibility of finding the quadrature of the circle was main- 
tained by James Gregory, a Scotch geometrician, in a treatise entitled ; 
Vera Gircnli et hyperbola quadratwra, Patav, 1664, in 4to, for he un- 
derstood by the quadrature that which he obtained by approsimation. 

One is disposed to think this quadrature impossible to the human 
intellect when the useless efforts of geometricians of all times are con- 
sidered ; I do not speak of the pitiable efforts of those we have just 
been discussing, but of the efforts of such modern geometricians as St. 
Vincent, WalHs, Newton, Leibnitz, Bernoulli Euler, etc., who have 
found new methods of determining the area of curves, and who, by 
their reasoning, have found that of a quantity of other curves less com- 
pHeated in appearance than tho circle, whereas the latter has always 
eluded their efforts. 

Besides, a, distinction must bo made in this respect ; there are two 
quadratures of the circle, one definite, the other indefinite. The defi- 
nite quadrature is the one that would give the precise measure of the 
entire circle or of a given sector or segment, without giving indefi- 
nitely that of any sector or segment whatever. The indefinite quadra- 
ture, which would be the most perfect by giving the quadrature of any 
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part whatevor, would evidently ioclude tlie other. Scarcely any but 
the first ia sought by quadratewrs in general. 

The convictioQ ia general that there is no demonstration absolutely 
convincing that the definite quadrature is impossible. Yet James 
Gregory claimed that he gave an irrefragable demonstration, 

It rested upon the progressive course represented by the increase and 
decrease of the inscribed and circumscribed polygons whose limit is 
the circle itself. But this demonstration did Dot appear conclusive to 
Huygens, and it was the cause of a contest between these two geome- 
tricians which occupied the newspapers of the time. It must be ad- 
mitted that though the reasoning is worthy of a head like that of 
Gregory, one of the forerunners of Newton, yet as the last limit of 
which he speaks is placed, so as to speat, iu the mists of the infinite, 
the mind ia not struck by an irresistible conviction. Still I would not 
put in the same category the assumed demonstration of this impos- 
sibility by Hanow. It is only a pitiable reasoning. An anonymous 
writer, some yeara ago, gave a little tract entitled ; Demonstration, of 
the incommenaurability, etc. He claimed to have proved the impos- 
sibility of the quadrature of the oirele. His calculations are exact, 
although more complicated than necessary; but it proves neither the 
iucommensurability of the circumference and diameter, nor the impos- 
sibility of mcaauring the former; for a complication of incommensurable 
quantities does not prove demonstratively the incommensuvabiHty of 
the product or quotient. Two irrational quantities may, when multiplied 
together, give a rational quantity. The same is true of a larger num- 
ber. A quantity may be composed of an infinite number of irrational 
quantities, and represent only a rational quantity. But citizen Le- 
gendre, at the end of his Geometry, edition of 1800, page 320, demon- 
strates that the ratio of the circumference to the diameter and its 
square are irrational numbers, and that had been already demonstrated 
by Lambert, Mein de Berlin, 1761. 

An irrational quantity is susceptible of a geometrical construction, 
Thus, supposing the circumference to be irrational or incommensurable 
with the diameter, it could, nevertheless, be determined geometrically, 
and this would undoubtedly be to find the quadrature of the circle. 

As for the indefinite quadrature, Newton seems to have demonstrated 
that no enclosed (^/erm6e) curve continually receding upon itself, as the 
circle, is capable of it. (Pritic. phil, nat. math. Hb, I.; Lem. XXVIII, 
p. 106.) This demonstration ia connected with the theory of angular 
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sections and of equations. I undertook, ia 1754, to make it more plain 
and develop it more fully in my Histoire des Reeherches, etc. I will 
have to refer to it and deem it conTineing. Besides, although geometry 
presents numberleaa examples of squared curves, I know of none 
among the enclosed curves or curve continually receding (retoumant') 
upon itself, that can be. Still D.'AIembert, in the fourth volume of 
his Opuscules, 1768, says, that he can soareely assent to Newton's rea- 
soning to prove the impossibility of the quadrature of the circle, I »ee, 
says he, that a similar course of reasoning, applied to the rectification 
of the cycloid, would lead to a false conclusion, the only diiference, it 
seems to me, is that the circle is a receding curve and the cycloid is 
not. But I see nothing in Newton's reasoning which can be changed 
by disparity, more particularry, since the cycloid, if it is not a recediag 
curve like the circle, is a continued curve whose sides (branches) are 
not separated; in a word, the reasoning of Newton rests solely on this 
supposition that in the circle an infinite number of areas corresponds 
to the same abscissa, whence he infers that the equation between the 
are and the abscissa must be of an infinite degree, and consequently is 
not algebraically rectifiable ; now, by applying his reasoning to the 
cycloid, I would infer that the equation between the abscissa and the 
corresponding arc must also be of an infinite degree, and therefore the 
arc is not rectifiable algebraically, which is false. D.'Alemhert made 
the calculation and concluded by saying, it seems to me that these re- 
flections might deserve the attention of the geometricians and induce 
them to look-for a more vigorous demonstration of the impossibility of 
the quadrature and of the indefinite rectification of oval cui-ves. 

We shall now give a brief account of the principal discovesies on the 
quadrature of the circle, as most of them are included among the geo- 
metrical discoveries already discussed in the former volumes, I will 
only give them hero without going into details Archimedes first dis- 
covered that the circumference is less than S^g or S|, and more than 
3|^ times the diameter. Some of the ancients, as Appoionius and Philo, 
found nearer relations, but it is not known what they were. 

About J585 Peter Metius, in impugning the false quadrature of Du- 
ehSne, gave his near ratio of 113 to 355. It was shown above how near 
he was right. About the same time Viete and Adrianus Romanus also 
published relatione expressed decimally which came much nearer to the 
truth. Viete carried the approximation to 10 decimal places instead 
of 6, and taught besides several somewhat simple constructions which 
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i\c till \alue of the circle, or the circumference to witliin a few mil- 
limth'* idrianua Eomaims carried the iipproximation to 17 figures. 
But all that is far below what was done by Ludolpb Van Ceulen, and 
which he published ia his book de Circulo et adscripHs, of which 
Suellius published a Latin translation, at Lcyden, in 1619. Ceulen, 
assisted by Petrus Cornelias, found with inconceivable labor a ratio 
of 33 decimals ; see V. II, p. 6. Snelliua found the means of short- 
ening this calculation by some very ingenious theorems, and if he did 
not excel Van Ceulen he verified his result, which he put beyond at- 
ttck His discoveries on this subject are found in the book entitled 
Wilkhrordi Nielli Cyelometricui de Circuit dtmensione, etc. Descartes 
lUo found a geometrical construction which, carried to infinity, would 
gi\e the circular eireuiuferenoe, and from which he could easily de- 
duce in expression in the form of a series. (See his Opera poslhama.') 
Crregoire de Saiat- Vincent is one of those who are most distin- 
guished in this field ; true, he claimed incorrectly to have found the 
quadrature of the circle and of the hyperbola, but the failure in this 
respect was preceded by so great a number of beautiful geometrical 
discoveries, deduced with much eleganoe according to the method of 
the ancients, that it would have been unjust to have placed him among 
) have mentioned. He announced, in 1647, his dis- 
a book entitled,: Opus Geomelricum quadraturcte CKrcidiet 
Sectionem Goni libris, X, Comprehensimi.. All the beautiful things con- 
tained in this book are admired ; only the conclusion is impugned. 
Gvegoire de Saint-Vincent lost himself in the maze of his proofs which 
he calls proportionalities, and which he introduces in liis speculations. 
It was the subject of quite a lively quarrel between his disciples on the 
one hand, and his adversaries on the other, Huygens, Mersenne, aad 
Leotand, from 1652 to 1664. 

If that skillful geometrician had not been mistaken, it would only 
have followed ftom bis investigations that the quadrature of the circle 
depends upon logarithms, and consequently on that of the hyperbola. 
That would still be a handsome discovery, but it did not even have 
that advantage. This furnished Huygens the occasion of divers in» 
vestigatious on this subject. He demonstrated several new and curious 
theorems oa the quadrature of the circle : Tkeoremata de quadratura 
hyper, ellipsis et Circuli, 1661 ; De Circali Magnitude inventa, 1654. 
He gave several methods of approaching his quadrature much shorter 
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thiia thi u'-uil way He demonstrated a theorem which SDellius had 
taken foe gr inted There are also many very simple geometrioa! oon- 
BtructionB whicli gi\e Imea singulavly near aoj giveu area. If, for 
example, the arc is bO° tl e error is scarcely ^j^gth. 

Jamei Gregory distinguished himself in this controversy, and what- 
evei miy he onr opinion of h dm t ( n f tl mp b ! ty f 
the definite quadrature of the 1 h t be d d th th 

ship of many ourioua theorem th It f th 1 t th 

scribed ind ciicum=ciibed polj d th 1 f q t h th 

By means of these theorems h w th fi t ly 1 t bl th 

by the u=uil calculations, and 1 f S II th m f 

the circle and oi the hyperbola (and consequently the construction 
of the logarithms) to more than twenty decimal places. Following 
the example of Huygena, he also gave constructions of straight lines 
equal to arcs of the circle, and whose error is still less. For example, 
let the chord of the arc of a circle be a, the sum of the two equal in- 
scribed chorda equal to b, then make this proportion : A+E : B ; l B : 
C; if you take the following quantity, '^'^ ■ j — it does not exceed the 
■jJj^th for a semicircle, and for 130° it would be leas than ^nJu^th ; 
finally the error for a quarter of a circle will not be ■jouVaij'i'' 

The discoveries of Wallace, found in his Arithmetiea irtjinitum, 
publiahed in 1655, lead him to a singular expression of the relation 
of the circle to the square of its diameter ; it is a fraction in this 

"""l aX'lX4X6XUX8X8X10X10XW ****'■ 

This fraotion, carried to infinity, expresses exactly the above rela- 
tion, Arithmet infinity prop. 191 ; but if we confine ourselves, as is 
necessary, to a, finite number of terms we have alternately a relation 
greater or less than the true one according as we take an odd or an 
even number of terms of the numerator and denominator. Thus §■ 
gives too great a relation, and ~ give too small a relation. The frac- 
tion |;|;|.;|:|;J is too small, and -|:|;|:|:|-;5-:| too great. But to bring 
the one near to the other, Wallis directs to multiply this product by 
the square root of a fraction formed by the unity pins unity, divided 
by the last figure which ends the series. Then the product, although 
much nearer, will be too large if the figure is the last of the numer- 
ator, and too small if the last of the denominator. The values of 
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etc., alternately too small or too great, will fall within the known 
limits. 

Here is another expression of the relation of the circle to the square 
of the diameter, found by Lord Bruoker about the same time. 

The circle being one, the square is expressed by the following frac- 
tion carried to infinity; 

It will be seen th[it this fraction is such that the donominator is an 
integer plus a fraction, whose' denominator is 2 plus the square of one 
of the odd numbers 1, 3, 5, 7, etc; when brought to an end the limits 
obtained are alternately in excess or too small. 

Such was the knowledge of geometrieians on this famous problem when 
Newton and Leibnitz appeared on the arena. In 1682, Leibnitz gave 
out in hia Actes de Leipiig what he had discovered as early as 1673, 
namely, that the square of the diameter being one, the area of the circle 
is expressed by the infinite aeries 1 — ^-f-| — |+i, etc. It follows from 
hia discovery about the same time that the radius of the circle beingunity 
and the tangent of an arc i, this arc itaelf is ( — \ *^+i '^ — \ '^ etc. 
If then the arc is 45° the tangent t ib equal to the radius oi me 
Thus the aiG ot 45° is 1 — i-|-i--4+*'*c multiplying by 4 we fhall 
have the semi cuoumfeienee wl ich multiplied by the radius will give 
the Ilea of the circle equal 4 — |+f-— ^ etc the square of the diam 
eter being 4 Thus the hqu ire oi the diimetcr being made unity the 
area of the circle wil! be 1 — J^-hi—i etc to infinity 

The aiea can also be espie'^sed bj ^+-^+^+7^ ^**^ '^'^ '^y 
adding together thi- two fiist feims and the nest two by two or else 
in this wiy 1— t^ — rj — -^ etc , where it ib e sy to see that the de 
njminators arc sucte sively in the first the ■'quaies of ^ 6 10 etc 
d m nishcd by unity and in the seconl the squares of 4 8 12 etc 
Bimilaiiy reduced But it must be conceded that these different aeiiea 
do not con^elt^e rapidly enough to derive fiom them a value tufli 
cientlyaco urate without the dditi n of a prodigious number of teims 
but Euler found a remedy 

The di-iCO\eiies made hy Newton even befcre Leibnitz had also 
placed him in pi ses i n of \arious mLthids of expressing the c ii, im 
Jcience and thi, aiea of ti e circle as also of segmenta by infinite 
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Nothing is better, known to-day by all tbose who have any knowl- 
edge, even elementary, of the new calculations ; but among these series, 
ihose that have been used most successively for that purpose are the 




Let 0, A, F, be a quarter of a circle, wliose radius A Q ia unity and 
Q B an abscissa, ^= x, we find the area of the segment Q, B, A, F, rep- 
resented by this aeries, x—^ a' *— j.i.T * '— r-t^T *'> «*«■ 

Now, supposing B Q or :c equal to ^, this series is reduced to the 
following: ^^ — ^^^^^—^j^^^^ — ^j^^^^^j^j^^ etc. Calculating there- 
fore in decimal fractions each of these terms, and taking the sum of the 
negatives from the first, which is positive, we obtain the value of the 
eegmeut Q, B, A, F, from which it will be necessary to take the value 
of the triangle A, E, Q, calculated in decimals, and there will remain 
the- sector F, A, Q, which is the third of the quarter of the circle, or 
the 12th part of the entire circle. Thus, multiplying this value by 12, 
we shall obtain that of the circle for a diameter equal to 2 ; and finally 
dividing this last one by 4, we shall have that of the circle to the 
diameter. The first ten terms above given, calculating in this man- 
ner, give the near ratio of the diameter to the circumference of 1 to 
3.141. 

The tangent of a small are as that of 30° might also be employed 
for the same purpose ; for this tangent is -j/^, or yj ; besides, if the 
radius, unity, and the tangent t, the arc is, as already shown, ( — ^ i^-\- 
^^ — ' +' — ' ". Thus I being made =; ^i, this series is reduced to 
vi—^-'ir'-s-bz-wtrs — T.^v'S+S-bVi/S — iT.sVsy'T+Tir.TJTi'a — TT-YiVtv^ 
+ TT.Wri,a— T?.Tir¥T5C¥, etc., whose progression can easily be seen. 
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This series, by transferring tlie radical to the numerator, becomes [/J 
— ti+Lfi — y'^t etc., which can be expressed thus: j/J (1 — j.V'I'T.V 
— ^.^) ; thus i,/4 must he taken in as many decimals as are to he used 
in the approximation or a little more, to bo more certain of the last 
figures; then this value must be divided successively by 3.3 or 9 by 
6.9 or 45, by 7.27 or 189, by 9.81 or 7.29, etc. ; this will give the ap- 
proximate value of each term in as many decimals as there are in the 
value of y/J, Add all the positive terms together, and from the sum 
subtract that of the negatives. This will give very nearly the arc of 
30°, which being muUipUed by 12, will be the value of the circumfer- 
ence with the diameter 2, consequently the half will be that of the 
circumference with the diameter 1. 

It is by this means and others similar that Samuel Sharp extended 
to 75 decimals the approximate ratio of Ludolph, which had only 35. 
Machin, towards the beginning of the present century, carried it as far 
as 100. Lagny, in 1719, carried it to 128, and another to 155. Thus, 
the diameter of the circle being 1, followed by 128 zeros, the 
circumference is according to Lagny, greater than 3.14159, 26535, 
89793, 23846, 26433, 83279, 50 | 288, 41971, 69399, 37510, 58209, 
74944,59230, 78164, 06286, 20899, 86280,34825,34211,70679,82- 
148 08b51 32723 06047, 093S4, 46, and less than the same number 
inLieased by unity (idded to the last figure). I have separated by a 
daih the 32 deeimils of Ceulen. The eiTOr for a circle with a diameter 
100 millions times gieater than that of the sphere of the fixed stars, 
Supjioaing the parallax of the terrestrial orb to bo only one second, 
would still be Bt,\i,ral billions of billions times less than the breadth 
of a hair. The-114th figure of the seven which is underlined, ought 
to be 8 ; Mr. Vega ascertained this as appears from hia large tables of 
Logarithms, page 633, where he gives the values of the series. Baron 
de Zaeh saw, in a manuscript of the library of Ratcliffo at Oxford, the 
caleulation carried stil! further, and as far as 155 figures ; after 446 
add 0955058, 22317, 25359, 40812, 84802. 

The expedient found by Euler for using the series which the arc by 
the tangent gives, will bring us nearer the truth and with less trouble. 
The expedient deserves to be inserted here. 

It consists iQ the remark made by that great geometrician that every 
arc is rational or commensurable with the radius (the arc of 45° for 
example, whose tangent is 1), can be divided into 2 arcs whoso tangents 
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u 1 I h 11 1 o b mmensurable to it. 

th th m wh ii th ticgent of the BUi 

a wh tan nts a g n for there being no extraction of square 
ts n th f muia f tl arcs have their tangents rational, the 
tang nt 1 th u n w 11 b o also ; and vice verm, an arc with a ra- 
nttn nt nb d dd into two arcs, whose tangents much 
m 11 w 1! b t nal Thus the are 45° can be divided into two 
(n n n n bl lly t ach other), the tangent of one of which 

will be I, that of the other i. We fthall therefore find by the series of 
the arc by the tangent each of these arcs, and their sum (though ir- 
rational to each other and to the radius) will, nevertheless, be to the 
arc of 45°, which, multiplied by 4, will give the ratio of the relation 
of the semi -ci re um fere ace to the radius, or of the circumference to the 

diameter; for the first of these scries will be -^ — u~93~l~^^ — 7^"'" 
11 1111 J_ 1 

9.2»~11.2"' ' **'' a~24+160~896+4608 22528'^ 



;, etc.; and the 



1,1 1 1 



12:i5 15a09'^177147 17537653"^ 1655267 91' 

Now, in both these series, the terms diminish rapidly enough to at- 
tain very nearly their real values; for, in the second, by taking only 
seven terms the error would already be less than xe5,bJi(,cdii*'i- 

Euler shows that it is possible to obtain this result even more rapidly ; 
for he remarks that the arc whose tangent is J can be divided into two 
whose tangents will be J and -^i which gives the arc of 45° equal to twice 
the second of the above series, plus this one -= — 073+^175 *'*'■> '"'7 — 

1129^89035" 

Finally, we shall observe that the arc whose tangent is J can be 
divided into two whose tangents shall be J and ^, which affords tho 
means of obtaining two series still more converging than the one which 
gives the ate answering to the tangent J. It would be easier to find 
by these 3 or 4 series the circumference of a circle to 200 decimals 
than it was for Viete or Komanus to calculate by their methods to 10 
or 15 decimals, 'i.We pass in silence over the other artifices of calcu- 
lations presented by Euler in the same treatise, and in another, Yol. 
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XI, for 1739, by which it would require outy 80 hours of work to fiud 
128 figures of Laguy ; there are also some ia Stirling, Summatinne Se- 
rierum, in Simpson ; The Doctrine of Fluxions, 1750. Kraft, in the 
IStli ■volume of Peterabourg for 1741, page 121, gave some mechanical 
constructions very simple and very near. 

All those methods which, undoubtediy, mutually confirm each other, 
leave no doubt as to the numerical espression'of the approsianate ratio 
of the diameter to its circumference ; this ratio is the true touchstone 
to try the pretended quadratures of the circle without entering into the 
maze of the pitiable and often obscure reasoning of those who claim to 
be the happy explainers of this enigma. Nothing better can be done 
than by leaving them to their pleasing allusion ; for experience has 
shown attempts to open their eyes would be fruitless ; that is what in- 
duced the Academy of Sciences to give notice that it would examine 
no more quadratures of the circle any more than trjsections of the 
angle, or duplications of the cube, or perpetual motions. Histoire da 
V Academic, 1775, page 64. This is the way in which the Secretary of 
the Academy, Condorset, who was himself a very great geometrician 
expresses himself. 

This solution may be considered in two lights. In fact, we may 
look for the quadrature of the entire circle or the quadrature of any of 
its sectors whose chord is assumed as known. The last of these prob- 
lems is considered as having no solution. Gregory and Newton, whose 
authority is so great, even in a science where authority goes for so lit- 
tle, have given different demonstrations of the impossibility of the 
indefinite equation. John Bernoulli has proved that the required sec- 
tor was expressed by a real logarithmetieal function, but which in form 
contains imaginary quantities. It follows that no real functions, either 
algebraical or logarithmetieal and real in form, can represent the value 
of the sector of an indefinite circle; that the equation between the sec- 
tor and the chord can not he constructed by the intersection of the lines 
of real or curve surfaces, and we may infer from this consideration the 
absolute impossibility of the indefinite quadrature. 

Geometricians are not as well agreed as to the impossibility of the 
first problem, for it often happens that for particular values quantities 
are found whose expression is in general impossible ; hut an experience 
of more than 70 years taught the Academy that none of those who used 
to send in solutions of these problems understood either their nature 
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or their difficulties, that Done of the methods which they used would 
have led them to the Bolution. This long experience sufficed to satisfy 
the Academy of the little utility that would accrue to the sciences hy 
examining all these pretended solutions. Other considerations have 
also decided the Academy. There is a popular report that goyerumoutii 
have promised eonsiderahlo rcwarda to the person who might succeed 
in solving the prohlem of the quadrature of the circle, and tliat this 
prohiem is the suhject of the investigations of the moat celebrated geo- 
metricians. On the strength of these reasons a crowd of men, much 
more considerable than is supposed, have given up useful occupations 
to devote themselves to the discovery of this problem, often without 
understanding it, and alwnys without the information necessary to try 
its solution with success. Nothing was better calculated to undeceive 
them thao the declaration the Academy thought proper to make. Many 
had the misfortune to believe they had succeeded, and would not yield 
to the reasoning with which geometriciana attacked their solutions. 
Often they could not comprehend them, and ended by accusing them 
of envy or bad faith. Sometimes their obstinacy degenerated into mad- 
ixess ; but it is not considered as such if the opinion whicJi forms this 
folly does not clash with the received ideas of men, if it has not in- 
fluence upon the conduct of life ind 'f 't does not d'sturb (1 o o d r of 
society. The madness of the juddraf rswo !d thcrefo have no other 
inconvenience for them but loss of t me often u tul to the r fam 1 es 
but unfortunately madness is sei lorn confine 1 to s u^\o object and 
the habit of reasoning falsely is acju led and est nls 1 ke that of rea 
soning accurately. That happenel more thin once to tl e quadratou ■^ 
Besides, unable not to realize how s n^^lar t would be f they si o Id 
discover, without study, truths wh h the mo t elebrated men have 
sought in vain, they almost all become pers adel that t s hy a sj c al 
protection of Providence that they have sue el d an 1 the e only 
one step from this idea and bcl ev n" all the st an^o c nl n t ns of 
ideas which occur to them are ho n any up t ous Hun i-a ty the e 
fore, required that the Academy p rsu'ided f tl e u ele ness of tl o 
examination it might have made of these sol t on ot the [ a Irature 
of the eirele, should seek to d pel hy a puhl c deck at on popul r 
opinions which have been fat! 1 to n any fa u 1 s Con lerat ons so 
wise could not excite the animadver on of a w ter 1 ke L u uet nls 
Political Annals. He had also foun I tl at t not tr tl at the p c 
tures of exterior objects are taken nveited ( ps le down) n tl o ret na 
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and the tide of the Amazon does not ascend up to Pauxis, where Con- 
damjne noticed it. Nothing surpriaea me more than to see persons ol' 
understanding have ao little good aenae as to persist in things they do 
not understand, with as much assurance and warmth as if they had 
occupied their whole lives in studying them, and had acquired a real 
superiority in the same ; but mankind is subject to these ineonsist- 
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PRACTICAL REMARKS AND EXAMPLES ILLUSTRATING 
THE QUADRATURE OF THE CIRCLE. 



The Author, who proposes for investigation a new tbeory upon any 
subject in the present advanced state of seienco, when nearly every 
truth concerning the same is believed to have been discovered, fully 
demonstrated and applied, must be happy if he succeeds in establishing 
the truth of what he advances ; for, if he does not have to disprove all 
former theories he of necessity calls them in question and creates a 
doubt of their correctness before he can hope to succeed in establishing 
his own. This is especially so with regard to the science of mathe- 
matics ; for, when a fact has been once established by actua! mathe- 
matical demonstration which is universally admitted to be true, it is ad- 
hered to as firmly as one's own faith, and it is nest to impossible to doubt 
its correctness. Any discovery, therefore, made after such fact has 
been so demonstrated and received, which goes to prove even a slight 
error in the result obtained is received with great caution ; but if it 
should seriously call in question the truth of former theories or directly 
contradict a result already established, it must be brilliant indeed to 
secure the attention and merit the consideration of the learned. It 
would also have to be profitable, for in this age the money tree is pruned 
before all others ; even imperfect theories are often preferred after they 
have been proved erroneous, because they are better understood, and 
there are so few who can bear the mental exertion necessary to ex- 
amine newer and truer ones. 

There arc two classes of propositions in mathematics which deserve 
to be considered with attention, the first of which needs only to be re- 
ferred to here, as the truths upon which they are based have been put 
beyond any question of doubt ; such for example as 

Theorem 1, In any right-angled triangle the square described on 
the side subtending the right angle is equal to the sum of the squares dt- 
scribed on the tides which conlain the right angle. 
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Theorem 2. If the one-fiftieth of tlie mm of the squares of ihe 
two sides of any sgiMre le deducted therefrom, the square root of the 
remaining |g can. be extracted exaclli/. 

Theorem 3. la any right-angle triangle if a perpendicular he 
drawn from the right angle to ihe base the triangles on each side are sim- 
ilar to the whole triangle and to one another, and the perpendicular is a 
mean proportional between, the segments of the hose, and each of the sides 
of tltc triangle is a mean proportional between the whole base and the 
segment adjacent to tluit side. 

Theorem i. If three straight lines are proportionals ihe rectangle 
contained by the extremes is equal to ihe tgiiare on the tnean, and if the 
rectangle contained by ihe aciremes is equal to the square on the fflteow the 
three straight lines are proportionals. 

Theorem 5. A'ny regular polygon inscribed in a circle is a m,ean 
proportional between tJie inscribed arid circumscribed polygotts of lialf 
the namber of sides. 

Theorem 6. If two straight lines cut one another Ihe opposite or 
vertrical angles are equal. 

Theorem 7. Triangles which have the same altitude are to each 
other as their bases, and their areas are to each other as the squares de- 
scribed on those bases. 

Or, by trigonometry, 

The cosine is to the sine as the radius is to Ihe tangent, consequently 
the secant is to the tangent as the radius is to the sine, therefore the square 
of the secant is to the square of the tangent as the square of ihe radius 
is to the square of the sine. 

Tlie second class embraces those problems which either have not 
been fully demonstrated, or have been given up as impossible. Respect- 
ing these Mr. Todbunter says ; 

" Tlicre are three /amaua prohleme whleh are now admitted to be beyond the power 
of geometry, namely; To find a straight line equal in lengtli to the circumference 
of a given circle, to trispct any given angle, and to find two mean proportionala 
betTTcen two given straight lines. The grounds upon ivhich the geoinetrical 
solution of these problems is admitted to be impossible can not he explained 
wLtliout a knowledge of the higher parts of mathematics ; the studefit of tlie 
elements may however be content with the fact that innumerable attempts have 
been made to obtain solutions, and that these attempts have been made in vain. 
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The first of these problems is vsuaU;/ re/eired to as the quadrature of ike eirde. For 
tlie liistory of it the atudenC sliould consult the article in tiie English Oyihfedia 
under that head, and nlso a series of papera in tlie Atiteneura for 1863 and sub- 
sequent years, entitled A Budget of Paradoxes, by Profeasor DeMorgan. I'or the 
approziiiiate solutions of the problem we ma; refer to Uavies' edition of Hut- 
ton's Coiiise of Mathematics, Art. I, pa^e 400 ; the Lady's and Oenlteman's Diary 
for 1855, page 86, and the Philosophical MaganiTte for April, 1862. Tlie third of 
the three pioblems is often I'eferred to as the d-aplitxition of the tube. See note on 
VI, 13, in Lardner's EudidvinA a disaertation by C. H. Biering, entitled Ilistoriu 
Problematis Qvhi Daplicandi — Hauni<K, 1844, 

Uader the head of " Geometrica,! Analysis " Mr. Todhunter sajs : 
" Geo metrical analysis has sometimes been described in language which 
miglit lead to the expectation that directions could be given which would ena- 
ble a student to proceed to the demonstration of any proposed theorem, or the 
solution of any proposed problem with confidence of success ; bat no such direc- 
tions caa be given We null stale the exad extent of these directions Suppose that 
a new theorem i<t proposed for investigation or a new pr iblem for trial as 
mme the tiiUk of the themem or the edution nf the pioblcm, and deduce conse 
quences from this assumption combined with rciills whicli haie ilreidy been 
established. If a conaeqnenee cm be dednced which contridieta some result 
already established this imonnti to a demonstration that our assumption is 
inadmissible, that is the theorem la not true, or the problem can not be solved. 
If a consequence can be deduced which coincides with some result already estab- 
lished, we can not say that the asaumption is not inadmissible ; and it may hap- 
pen (hut by starting from the consequence which we deduced, and retracing our 
steps, we can succeed in giving a flynthetical demonstration of the theorem or 
a solution of the problem. These directiona however are very vague, because 
no certain rale can be prescribed by wfti'ci we aiv to cimhlne imr assamplion with re- 
salts idreod^ established ; and, moreover, no test erists by which we can ascertain 
viheiliei' a valid consegnem^ which im have drawn from an asmimption mil enaile ns 
to establish the ateumption itself. That a proposition may be false and yet furnish 
consequences which are true, can be seen from a simple e^cample. Suppose a. 
theorem were proposed for investigation in the following words; one angle nf a 
triangle is to-anothei' as the side ojiposite to the first angle is to the side opposite lo the 
ol-her. If this be assumed to be true we can Immediately deduce Euclid's result 
in I, 19; but from Euclid's result in I, 19, we can not retrace our steps and ea- 
tabiinh the proposed theorem, and in fact the proposed theoremis false. 

T&U3 th^ only definite stateiaent in the directions respecting geometrical analysis is, 
thai ^ a eoiisejiMtM can be deduced from an assumed proposition which amtradicts 
a result already established, that assuvaed proposition must be false. We may mention, 
in particahr, that a consequence would contradiel resalls already established if ice 
cotUd shovi that it would lead to the solution (f a problem already given up as im- 
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of the above quotations will be attempted, which, for 
1 shall classify as follows : 

1st. «" No directions can be givei n language wliich would enable a student 
to proceed to the den onatration of 4iny proji ed tl eo em or tlie solution of 
atiy proposed problem \ th confide ce of Bucpeas 

The above quotat on w 11 applj with more force to the dcmonsti 
tion of a new theorem or the soluticn of a new proMem for it would 
be necessary to know something of the nature ot a theortn inl tit, 
eonstruetion of a piobleiu befoie d rections could be given for tie 
demonstration of the one or the solution of the othei but if i theorem 
is proposed for demonstratiOB or a problem for solution which haie •. r 
tain parti m common imlh simi/ar theorems or pi Ihms hejore Ltiown 
and demoTisit aled the demon&trition of 6iich tlit,oiem& and the solu 
tion of such problems woull be lendered easy in the siiue pioportion j.a 
they contained those parts in common The mathematician theieiore 
who should venture to givt. esplioit directions foi the demonstration of 
any theorem or the solution of any problem whatever — such for in- 
stance as the quadrature of the circle, the trisectioa of the angle, or the 
duplication of the cube — would certainly pretend to a superior knowl- 
edge concerning those things in which the ablest and wisest math- 
cmatieiana have failed; for the discovery of a new method for the 
demonstration of the above theorems or the solution of the above 
problems might involve new laws which no one knows anything of ex- 
cept the author who makes the discovery. 

2d. " Assume the truth of the problem, and dedoce consequences from lUia 
assumption combined with results already establiaiied." If a consequence can 
be deduced which contradicts some result already entablislied, this amounts to a 
demonstration tliaC our assumption is inadmissible; that ia, the tlieorem is not 
true or the problem can not be solved." 

NoTR "A propoEitlon cooal^sot TBrioiis parts ; webnTe first tbe geneml enuncintion oC llio 

probletn ortheorain, as Furexnniple; li ileicFibe ait eyHiiiUtral triangle on n ffinaifiitiln ilralg/U 
Uxe.iiranylaxiaualeaiifa tiimigh are logellier Ifaaihaahca right Btiglei. After Ibe geiiersi enan- 
cieUao follows the discussion o[ the proposition. First, the enunciation is repeateit End HI>- 
plled to the parUculsr Agure irblch Isto ■>« considered, ns for example: Lei A BbetUghm 
ilrttigU llHs;, it ia rehired (o (fenrlfie oh eqt^laleral triangle on A E. The ixraatrncttnn then 
usually folloBs straight lines and circles, which must bedrnwii In erder to coostltiile the Wu-. 
liaii of the problem, or to furnish assistance in the ilemmslratloH of the Ibeoreni. Lastly, wo 
have Ibe deinonstration Itself, which shows that the problem has been solvefl or that tbe iheu- 

Soinetiuies however, no construction U requli'ed, and eametiiues ibe constvnclion and dciimn- 
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With reference to point 2nd, it Brnat be eonfessed that so far as 
those problems are concerned, for which solutions have been already 
obtained and which are universally received as final, it may he true that 
an assumed proposition would bo false which would contradict a re- 
sult so well established and so universally admitted to be correct ; but 
it does not follow as a necessary consequence that an assumed propo- 
sition would be false which would give a result different from the one 
already established with respect to those problems which are admilled 
to be impossible— ■sack, for esample, as the quadrature of the oirclci 
etc.; for as long as the final solution of this problem is not obtained 
it is difficult to determine which solution is true and which false as 
long as thej are confined within certain known limits. Thus it is 
mathematically certain that the ratio of the circumference to the diam- 
eter is either 3^ exactly or very near it, and any ratio whicli claims to 
be either mucli above or below it can not be true. For example, sup- 
pose a circle is described with a radius equal to the square root of two, 
and cosine of the gi'jen arc is ^, which is not quite though very near 
the true radius, and the sine of the same arc is ^, which is not quite 
though very near the ^ of the true circumference, now, the double of 
the cosine ^=^, is not quite the true diameter though very near it, 
and the double of the sine ^=5, is not quite the ^ part of the true 
civeumference though very near it, being the chord of double the arc, 
whose sine is J. If then we assume ^ to be the true diamet«r, and W- 
to be the true circumference, and they are very near it, then dividing 

44 14 44 

the circumference — by the diameter —' we have by cancellation — 

^^=^X^=Y' ^^^'^^ i*' eaa^l 'o 3.i42857, 142857, or 3| to in- 

44 14 

finity, so that if -^ were the true circumference and — the true diam- 
eter, the true ratio of the circumfevenee to the diameter, would bo 
3.142857 or 3f 

3rcl. "These diret^iona are very vague because no certain rule can be pre- 
BCribed bj wliicli we are lo combine oar aEwumption with reaults already estab- 

ences from results BireBdy ohtninsd. (These temills consisl patUy of truths eatablished in 
former pToposltLoDS, or are admitted as obvious in commeaclng tbe subject; ana partli/ iff liiUl'S 
letiii^ fbitme front /hi^ construction Itiat Imsheen made, or whiek are ffivea itt Ihe tupposUion qf t/ie 
proposUioa Hsfl/. Tbe word hypothecs is used Id the same sense as ia^otltitm.) 
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lisheii, and no test exists by which w 
whicli we have drawn from an a 
assumption itself." 

A theorem is a tratli which hecomes evident by a train of reasoning 
called a demonstration; the demomlraticm proceeds from the premises 
by a regular deduction; a deductioa is the logical consequences which 
follow an assumption ; an assumption is based upon certain truths 
which are found in the construction of a figure, or which result from a 
combioation of other truths. Every combination of ti-uths and every 
construction of a figure necessarily contain within themselves the 
logical reasons for their demonstration ; and if a supposition is made in 
conformity with the truths developed in the construction of a figure, 
or an assumption be made which is based upon truths which are the 
necessary consequence of a combination of other truths, this assumption 
will lead to a valid consequence which may result in the demonstration 
of the truth involved. But if, from a misconception of those truths, a 
false assumption is made, a valid consequence can not be drawn and the 
assumption will necessarily lead to an absurdity. It is also nest to 
impossible to prove the truth of one method by another, or of com- 
bining our results with those already established ; it is only when the 
two methods both contain certain principles in common that they can 
be compared; that is when they contain elements that may be reduced 
to the same denomination, to the same dimensions, the same weight, 

In reference to point 4th, it is admitted that so far as those prob- 
lems are concerned which have received a final solution that is univer- 
sally admitted to be correct, it may be true that an assumed proposition 
would be false if it should contradict a i-esult already established ; but 
with respect to those problems which are admitted to bo impossible it 
does not follow that an assumed proposition would be false which con- 
tradicts a result already established ; for it is impiBsible to know which 
is true, or which is false, until a final solution is obtained. Conse- 
quently point 6th may very readily be acquiesced in, for the author 
says: 

" We may menlioii in particular, that a consequence would contradict a result 
already established if we could show tliat it would lead to t)ie solution of a 
problem already given up as impossible." 

It is asserted by apologists and advocates of the present quadrature 
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of the circle, that it is an established fact and is therefore incontrov- 
ertible ; they contend that the commonly received solution is the near- 
est approximation that the ablest and wisest mathematicians of ^very 
age and country with their vast learning and great genius have ever 
been able to make towards the truth, and then we are told how many 
deeimai places each particular author has been able to carry it to, and 
the greatest mathematician is the one who has can'ied the result to the 
greatest number of decimal places, and the only reason why the final 
solution of the problem has not been obtained is because no one has 
ever been able to extract the square roots to infinity. It ia only ne- 
cessary to return to Euclid to find that he labored very much under 
the same difSeulty, and it looks very much like the fact that two thou- 
sand years' experience which has witnessed improvements in nearly 
every other branch of mathematical science has not made much pro- 
gress respecting this problem, for the same ancient method is used 
that occupied Appolonious while in prison. 

To establish a fact does not of necessity prove it to bo a fact ; though 
it may be urged in reply that a fact must be proved before it can he 
established. If a majority of the wisest and most intelligent of man- 
kind were convinced of a fact which has been thoroughly tested and 
commonly received, it is said to be an established fact. And a fact, 
when we speak mathematically, may more properly be styled a truth. 
The establishing of a mathematical truth is usually done in the same 
manner as establishing an ordinary fact; two or three credible witnesses 
are sufficient to establish a fact in law, but a mathematical fact is first 
investigated by a rigid course of mathematical analysis, and after it 
has been thoroughly tested by the ablest mathematicians, and the re- 
sdU of all these various calculations agree, it is said to be an estab- 
lished mathematical truth. But to make such a truth binding if it 
depend upon the solution of a problem or the demonstration of a 
theorem, the truth of the theorem or the problem can not be said to be 
established unless there can he found a final demonstration of the 
theorem or a final solution of the problem which shall bo mathemati-, 
cally demonstrated beyond a reasonable doubt ; and if a problem which 
has been established has not been finally solved, any other solution of 
the same problem, which shall be a complete and final solution of the 
given problem, may be said to disestablish an established truth, or to 
successfully contradict a result already established and seriously call 
in question its correctness. 
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Numerous instances can be cited where facta (truths) have been cb- 
tablislied and believed by the great majority of the wisest and ablest 
of mankind which were afterwards proved to be erroneous, and in some 
casea they have been shown to be supremely ridiculous. 

For e sample : 

" The tireeka, nnd through tliem the Bomatis and other nations, believed the 
eartli to be flat and circular, their own country occupying the middle of it, the 
central point being Mount Olympua, the abode of the gods or Delphi, bo famous 
for its oracle. The cutcular disc of the enrlh was crossed from west (o enst, 
and divided into two parts by the sea as they called the Mediterranean, and its 
continuation the Euxina, the only seaa with which they were acquainted. 
Around the earth llowed the Blaer Ocean, its course being from sontli to north 
on the western side of the earth, and in a contrary direction on tlie eastern side. 
It flowed in a sfeady, equable current unvexed by storm or tempest. The sea 
and all the rivers on the earth received tlieir waters from it. 

The northern portion of the earth wa.4 supposed to be inhabited by a happy 
race named the Hyperboreans, dwelling in everlasting hlisa and spring beyond 
the lofty meitntainB whose caverns were supposed to send forth the north wind 
which chilled the people of Hellas (Greece). Their country was inaccessible by 
land or sea. They lived exempt from disease or old age; from loils and war- 
fare. Moore has given ua the 'Song of the Hyperborean,' beginning : 
'I come from a land in the sun-bright deep, 

Wljere the golden gardens glow ; 
Where the winds of the north becalmed in sleep 
Their conch shells never blow.' 

On the south side of the earth, close to the stream of ocean, dwelt a people 
happy and virtuous as the Hyperboreans. They were named the JEtliiopians. 
The goda favored Ihem so'higbly that they were wont to leave at times their 
Olympian abodes and go share their sacriiioes and banqueta. 

On the western margin of the earth, by the stream of ocean, lay a happy place 
named the 'Elysian Plain,' whither mortals favored by the gods were trans- 
ported, without tasting of death, to enjoy an immortality of blias. This happy' 
region was also called Uie'Forlunate Fields' and the 'Isles of the Blessed.* 
We thus see that the Greeks of the early ages knew little of any real people 
except those lo the east and south of tiieir o*n country, or near the coast of the 
Mediterranean. Their imagination meantime peopled the western portion of 
this sea with giants, monsters, and enchantresses, while they placed around the 
disc of the earth, which they probably regarded as of no great width, nations 
enjoying the peculiar favor of the gods and blessed with happiness and lon- 
gevity. The dawn, the sun, and the raoon were supposed to rise out of tha ocean 
on the eastern side, and lo drive through the air, giving light to gods and men. 
The stars also, except those forming the Wain or Bear and others near them, 
rose out of and sank into the stream of ocean, Tliero the Sun-god embarked in 
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a winged-boat, which conveyed hin 
back to ills place of rising in ihe eas 

'Now the gilded car of day 
Hia golden axle doth allay 
111 the steep Atlantic stream, 
And tlie slope sun his upward beam 
Shoots against the dusky pole, 
Eacing toward the other goal. 
Of his ciianiber in the east.' 
The abodeof the gods waaon the summit of Mount Olympus, in Thesfialy. A 
gate of donda kept by the goddess named the Seasons, opened to permit the 
passage of the celestials to earth and to receive them on their return. The 
gods had Iheir aeparale dwellings; but all, when Bummoned, repaired to the 
palace of Jupiter, as did also those deities, whose usual abode was the earth, 
the waters, or the underworld. 

It was also in the great hall of the x>alace of the Olympian King that the gods 
feasted each day on ambrosia and nectar, their food and drink; the latter being 
handed round by the lovely goddess Hebe. Here they conversed of the afikir^i 
of heaven and earth ; and as they qiiafTed their nectar Appollo, the God of 
Music, delighted them with the tones of his lyre, to which the Muses sang in 
responsive strains. When the sun was set the goda retired to sieep in their re- 
spective dwellings. The following lines from the Odyssey will show how 
Homer conceived of Olympus: 

'So saying Minerva, goddess anui-e-eyed, 
Kose to Olympus, the reputed seat, 
Eternal of the gods, which never storms 
Disturb, rains drench, or snow invades ; but calm 
The feipanse, and cloudless aliines -with purest day ; 
There tiie inliabitants, divine, rejoice 
Forever.' " 
The above fable though very beautiful, was one of those silly no- 
tions which the wisest of all the ancients believed as an establialied 
fact, and from it may be seen how few, even among those who profess 
to be wise, really think for themselves— and how the vast majority 
of mankind allow others to do their thinking for them; furthermore 
by far the greater number of mathematical truths which are now 
valued so highly, and referred to with so much confidence, were dis- 
covered and first demonstrated by these very Greeks and their con- 
temporaries ; and the most plausible method known up to this present 
time for the solution of the quadrature of the circle was discovered, it 
is supposed, during the highest cultivation of tho arts and scieuees, by 
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these people, whose genius for invention probably exceeded tbat of any 
nation which foilowed them till we eome to the American. Mr. Pope, 
in eulogizing the genius of Homer, says : 

"Homer ia univeraally allowed to have had tlie greatest invention of any 
wriler whatever. The praise of judgment Virgit has justly conleated with him, 
and others may huve their prelennions as lo particular excellenciea, bnt his in- 
vention remains yet nnrivalled. Nor is it a wonder if be has ever been ac- 
knowledged the greatest of poela who most excelled in that wliich ia the very 
foundation of poetry. 

It ia the invention (hat in different ages distinguish ea all great geniuses. The 
utmost stretch of human study, learning, and industry, which masters every- 
thing besides, can never attain to this. It rurnislies art with all her materials, 
and without it judgment itself can but steal wisely; for art is only like a pru- 
dent steward that lives on nian^iging the riches of nature. Whatever praises 
may be given to works of judgment, there ia not even a single beanly in them 
to which the invention must not contribute; as in the most regular gardena 
art can only reduce the beauties of nature to more regularity, and such a figure 
which the common eye may better take in, and is therefore more entertained 
with. And the reason why common critics are inclined to prefer a judicious 
and methodical genius to a great and fruitful one, is because they 6nd it easier 
for themselves to pursue their observations through an uniform and bounded 
walk of art, tiian to comprehend the vaat extent of nature," 

When Copernicus maintained, in opposition to the theory of the an- 
oieats, that the earth moved on its own axis, and that it moved around 
the 3UB instead of tho sua moving around the earth, history teaches us 
with what difficulty he maintained his position, though in the end he 
succeeded in establiahing hia theory in opposition to all. 

When Columbus, following in the footsteps of Copernicus, maintained 
that the earth being round another continent was necessary on the op- 
posite side of the earth to maintain its equilibrium, he was treated as a 
visionary and madman, until through the charity of " Her Most Catholic 
Majesty," "Isabella, then Quoen of Castile and Arrogon,"he was pro- 
vided with means to prosecute to a successful issue his discoveries; and 
in return for the ingratitude of nations ho gave them a " New World." 

In reference to those cases where it is necessary to give instructions 
for the demonstration of a theorem or the solution of a problem, or of 
combining our assumption with resulis already established, it is to be 
observed, supposing the problem to be the solution of the quadrature 
of the. circh, 

1st. That the cosine must always intercept the sine at right angles, 
and the radius mast always intercept the tangent at right angles. 
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2d, The tangent is always greater than the arc to which it b 
and the sine is always less than the a,ro to which it belongs, for the 
tangent lies wholly without the circle while the sine lies wholly within 
the circle, and the arc to which they belong tnusl lie between them ; 
therefore, as far as the sine and the tangent agree with one another, 
that is as far as they can be expressed by the same quantity, either 
one of them may be taken for the arc of the circle to which they belong. 

3d. The inscribed polygon must not at any time extend outside the 
given circle nor the circumscribed polygon come within it ; and any 
method which may be adopted for the solution of the c[uadrature of the 
circle by the means of regular inscribed and circumscribed polygons, 
which are made to approach the circle (ono from within and the other 
from without) by doubling the number of sides, will not give a correct 
solution as long as there is danger of forcing a limit between the two 
polygons; neither does it follow as a necessary consequence that the 
circle is the limit of the two polygons. 

4th. If by any means the inscribed polygon could be made to ap- 
proach the circle from wifkin, without regard to the circumscribed poly- 
gon, by doubling the number of sides, and this result could be reduced 
to a commensurable quantity, it is very evident that such a method 
would give the true quadrature as far as it could be carried ; for in that 
case the inscribed polygon could never be forced to estend beyond 
or become greater than the circle, and if it could be continued till it 
would reach the circle, that is to infinity, vjhich is impossible, it would 
give the true quadrature. 

5th. A common measure of two straight lines, as for example the 
sine and tangent, can not be regarded as a measure of the circle, as no 
part of it, however small, is straight. 

6th. Neither is it necessary for the solution of the quadrature of the 
circle that the polygon should be regular, for it was demonstrated by 
Gauss, a mathematician of Gottingen, in his disquisitiones, Arithmetieae, 
published in 1801, that polygons of 17 sides, 257 sides, and in general 
any number of sides expressed by 2"-|-li '^^'^ ^^ inscribed in a circle' 
when 2"-|-l is a prime number. 

7th. If the square root of two be taken for the radius of the given 
circle, and a radius be assumed in terms of the inscribed square (the side 
of which will be 2 and the area 4), and this radius as a variable be 
made to approach as its constant the true radius, so near that the dif- 
ference between it and the true radius shall be less than any assignable 
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quantity, so that it may be taken for tho true radius, and at the same 
time if a circumference be assumed in terms of the inscribed square and 
of the radius, and this circumference aa a variable be made to approach 
as its constant the true cireumferenee, so near that tho difference be- 
tween it and the true circumference shall be made less than any assign- 
able quantity, so that it may be taken for the true circumference, provided 
that this radius and circumfereoce are selected in accordance with 
theorem seoond, then will the ratio between the assumed diameter and 
the assumed cireumfei-ence be the same as the ratio between the true 
diameter and the true circumference, and this ratio will he the repeating 
decimal 3.142857 or 3| to infinity ; and, consequently, when the assumed 
radius becomes the true radius and the assumed circumference becomes 
the true eireumferenoe, both of which happen at the same moment, then 
the circle is infinite, that is, no part, however small, is straight. 

The following selection consists of the most approved methods of 
solving the quadrature of the circle ; they are inserted here, just as 
they are to be found in the works of the most approved authors re- 
cently published, for the purpose of giving the student a more general 
knowledge of the subject. 

The first method is taken from " Bohioson's Elements of Geometry," 
which gives tho approximate ratio of the cireumferenee to the diame- 
ter, by means of inscribed and circumscribed polygons to 6144 sidesj 
commencing with the hexagon ; it is as follows : 

PROPOSITION III.— THEOREM. 

When the radim of a circle is unity, its oi-ra and semi-drcumference are wwmei'i- 
caily equal. 

Let It represent the radios of any circle, and the Greek letter t, the half cir- 
cumference of a circle whose mdiiis is unity. Since circumferences ore to eacli 
ptiipr as Iheir radii, vfhen the radius is B, the semj-circnmference will be ex- 
pressed by itM. 

Letmdenotetheareaof the circle of which 5 ia the radius; then, by Theorem 
1, we shall have, for the area of this circle, irfi' = m, wliicli, when B = l, j-e- 

This equation is to be interpreted as meaning that the semi-circumference 
contains its unit, the radius, as many times as the area of the circle ■ 
unit, the square of the railius. 

Remakk— Tlie CBlobratca ptoblem of squaring the clrple has for its objcet to And a lii 
Bnuara on which will 1)6 equivolent to the arcaof » drclB of 3 given ainmelor ; or, in oilier 
It proposes to find the laljo between the srea of a circle and the square of lis radius. 



y Google 



INTEODUCTION. 




PEOPOSITION IV.— PROBLEM. 

Gk'ea, the radios of a ciVofe unity, to find the areas of regidar inscribed and eir- 
eumueribed AecogoM. 

Conceive a circle described with tiie radius CA, and in this circle inscribe a 
regular polygon of six sides {Prob. 2S, B. IVt, 
and each side irill be equal to the radius GA; 
hence, the whole peHmefer of tbJB polygon must 
be six times the radius of the circle, ov three 
limes the diameter. The chord bd is bisected 
by CA. Pi-oduce C& and Cd, and through tbe 
point A, draw BD parallel to bd; BD will then c 

be a aide of a regular polygon of six sides, cir- 
camscrii>e<l about the circle, and we can conipute the length of this li 
follows; The two IriangJea, C'bd and CBD, are equiangular, by co 
therefore, 

Ca : U : : CA : BD. 

Now, let us assume GA=Cd = the radius of l)ie circle, equal t 
bd =^\, and the pret-eding proportion becomes 

(h. : 1 : : 1 ■ BD (1) 

In the right-angled triangle Cad, we have, 

{Co)=+(oti)"=(CW)', (Th. 89, B. I). 

That is, (Oi)"+l-=l, because CU=1, and (kI=J. 

Whence, Oi ^= J i/3. This value of Co, Habstiluied in proportion (1), gtvea 






<a, of the triangle 



: BD; hence, BD = 



1/3' 



d is equal to hd [=^ 1,) multiplied by \Ca =i 



\/ S ; and the area of the triangle CBD ia 
Whence, area, Gbd = i ^g. 

and area, CBD = J: 

But the area of the inscribed polygon is t 
the area of the circumscribed polygon is si 

Let tbe area of the inscribed polygon be represented by p, and that oftlio 
circumscribed polygon by P. 



equal to BD multiplied by ^CA. 



les that of the triangle Chd, ai 
a that of the triangle CBD. 



6 2X3 



|l/3 : 2i/3 ; : 2 ! 2 -. : 3 : 4 : : 9 : 12 
'=2i/3 = 3.46410161. 
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Now, it is obvious tliat the area of tlie circle must be included between the 
areas of these two polygons, and not far from, but eomewbat greater than, theit 
lialf sum, which is 3.03 -{- ; and this may be regarded as the first approximate 
value of the area of the circle to the radius unity. 

PROPOSITION v.— PROBLEM. 

GivBv-, the areas nf two regular polygons of the same number n/ sides, the one tn- 
scribed in and the other circumscribed about, the same evde, to find the areas qfreg- 
idar inscribed and drcumacribed polygons of double the number of sides. 

Let p ^present tlie area of the given inscribed polygon, and P that of the 
drcumecribed polygon of the name number of sides. Also denote by j/ tlie area 
of the inscribed polygon of double tlie number of sides, and by P' that of the 
corresponding circumscribed polygon. Now, if the arc KAL be some exact 
part, as one-fourtli, one-fifth, etc, of the circumference of the circle, of which C 
is the center and GA the radius, then wili KL be the side of a regular inscribed 
polygon, and the ti'iangle KCL will be the same part of the whole polygon that 
the arc KAL ia of tlie whole circn inference, and the triangle CDB will be a like 
part of the circumscribed polygon. Draw CA (o the point of tangency, and 
biseet the angles ACS and ACD, by the lines CG and GE, and draw KA. 

It is plain that the triangle ^C^is an exact 
part of the inscribed polygon of double the 
number of sides, and that the V EGO is a like 
part of the eircumscribcd polygon of double 
the number of sides. Represent Ihe area of the 
A iCJTby a, and the area of the A BGD by 
6, that of the A ACKhy x, and that of the A 
EGG by y, and suppose the A's, KGL and 
DBG, to be eacli the mtli part of their respective 
polygons. 

Then, na^-p, ni = P, 2nx = p', 

and, 'i.ny = F'; 

But, by {Th. 33, B. I), we have 

CM . MK^ a (1) 
CA . AD = b (2) 
GA . MIC— 2x (3) 

Multiplying equations (1) and (2), member by member, we have 
{CM . AD) (GA . MK) = ab (4) 

From the similar A's CJI/JTand CAD, we have 

CM : MK :: CA: AD 

whence CM . AD ^ CA . MK 

But from equation (3) we see that each member of this last equation is equal 
to 2x; hence equation i becomes 

Zx . 2i = ab 
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If we multiply bolh members of this by n' =: n . n, we shall have 
An'hc' = 7m.nb = p.F 
or, taking the square root of both members, 

2nx = |/p-i' 
That is, the area of the inscribed polygon, of double the number of sides ia 
proporliowil bettBeea Ihe areas nf the given inscribed and cirev/macribed 
p a«d P. 

Again, since CE biaecls the angle AOD, we have, by, (Tli. 24, E. II), 
AE: EB 



hence, AE : AE + ED 



CM: CK 
CM: CA 
CM: CM+ CA. 



Multiplying the first couplet of this proportion by GA, and (he second by MK, 
observing that AE + E£> == AD, we shall have 

AE.CA ; AD.OA : : CM.MK : (CM + CA) MK. 

Bat AE.CA measures the area of the A GEG, which we have called y, AD.CA 

= A CBD^b, CM.MK = A CKL = <i,and (CM + CA) MK ^ A CKL + 

2 A CAK^ a + 2i!, as is seen from equations (1) and (3). Therefore, the 

above proportion lieconiea 

y : b :: a : <i + 2;x. 
MulliplyinK the first couplet by 2n, and the second by n, we shall have 

2ny : 2nb : : na : na + 2nx 
That is, P" ! 2P : : p : p + j/ 

whenc., ■i'--^ 

P+P" 

and as the value of j/ has been previously found equal to y/ iy, the value of J" 
is known from this last equation, and the problem ia completely solved. 

PKOP08mON VI.— PROBLEM. 

To determine the approximaie numerical value of the urea of a circle, vihen ihe ra- 
dit*» u unity. 

We have now found (Prob. 4) the areas of regular inscribed and circum- 
Bcribed heiagons, when the radius of the circle ia taken aa the unit ; and Prob. 5 
g;ives us formulae for computing froia these the areas of regular inscribed and 
circumscribed polygons of twelve aidea, and from these last we may pass to poly- 
gons of twenty-four sides, and so on, without limit. Kow, it ia evident tiiat, m 
the number of sides of the inscribed polygon is increased, the polygon itself will 
increase, gradually approaching the circle, which it can never surpass. And it 
IB equally evident that, as the number of sides of the circumscribed polygon is 
increased, the polygon itself will decrease, gradually approaching the circle, less 
than which it can never become. 
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Tlie circle being included between any two corresponding inscribed and cir- 
cumscribed polygona, it will differ from eitlier less tlian they differ from each 
otlier; and the ai'ea of either polygon may then be talceu as the area of the cir- 
cle, from vfhieh it will differ by an soiount less tlian the difference between the 
polygons. 

It ia also plain that, as the areas of tlie polygons approach equality, their 
perimetcra will approacii coincidence with each other, and with the circumfer- 
ence of the circle. 

Assuming the areas already found for the Inscribed an^ drcutn scribed hexa- 
gons, and applying the formulae of Prob. 5 to them and to the si 
obtained, we may construct the following table : 



6 ^y'3 = 2.598076S1 2i/S = 3.46410161 

12 
12 3 = 3.0000000 2+ "A ~ ^■^^^^^'** 

24 — -^=^ ^ 3.105a2S(j 3 15')(ifin2 

48 3.13202&7 3 1460863 

96 3.1393554 31427106 

192 3.1410328 31418712 

384 3.1414519 31416616 

768 3.1415568 31416092 

1636 3.1415829 31415963 

3072.... 3.1416895 31415929 

6144 3.1416912 31415927 

Thus we have fmnd, thit when the ndius of a ciide is 3, the semi circum- 
ference must be more than 3 1416'*12, and Ici than 3 1415927 , and this is as 
n be determined with the small number of decimals here used. To 
must have more decimal places, and go through a very 
tedious mechanical operation but this Is not necessary, for the result is well 
known, and is 3 1416926'535397, 'pliii other decimal places to the 100th, without 
termination. This result was discovered through the aid of an Infinite series in 
the Differential and Integral CalculiiB. 

The number, 3.1416, is the one generally used in practice, aa it is much more 
convenient than a greater number of decimals, and it is aufEciently accurate for 
all ordinary purposes. 

In analytical expressions it has become a general custom with mathemati- 
eiana to repreaent this number by the Greek letter w, and, therefore, when any 
diameter of a circle is represented by T>, the circumference of the same circle 
must be tD. If the radius of a cirde ia represented by B, the circumference 
must be represented by 2tJQ. 

4 
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ot 61P, andtliesideof 



acHoLiuM.-The Elde of a regular (ns^i-lbed hexagon subtends i 

tended by ibe sides of tbe polj-gons, Yaryiag inTers«l j with the Dumber of sides. 

Angles are measured by Uie arcs of circles included between their sides ; thoy may also ho 
measured by the chords of these arcs, or rather by the Jialt ehords called Jines in Trigonom- 
etry. For thb purpose it beeomea neoeasary to know the length ol the chord o£ every possible 
arc of a circle. 

The second method is taken from "Davies' Legendre," and gives 
the approximate ratio of the circumference to the diameter by means 
of inscribed and circumscribed polygons to 16384 sides, commencing 
with the square. 

PEOPOSITION XI.— PROBLEM. 

The area i^a reffalar inscribed polygon, and that o/a similar cireamseribed poly- 
gon being givea, to piad the areas of the regular inseribed and dretimici-ibed polygons 
having double the number of aides. 

Let AB be the side of tlie given inscribed, and EFthat of the given circum- 
Bcribed polygon. Let C be their common canter, AMB a portion of the drcum- 
ference of the cltv:le, irnd Jlf the middle point of the arc AMB. 

Draw the cliord AM, and at A and B draw ^ „ „ „ 

the tangents AF and BQ; then will .itMbe 
the side of the inscribed polygon, and PQ the 
side of the circumscribed polygon of double y 
the number of sides (P. VH.) Draw CE, OF, 
CM, and CF. 

Denote the area of the given inscribed poly- 
gon by p, the area of the given circumscribed 
polygon by F, and the areas of the inscribed 
and eireumgcribed polygons having double 
lije number of sides, respectfully by p' and P'. 

V. The triangles CAD, CAM, and the CEM, a 
lo which they belong: hence, they are proportiona 

But CAM is a mean proportional between CAD and CEM (E. IV., P. XXIV., 
C. 2) ; consequently p' ia a mean proportional between p and P: hence, 

p'-l/^^CP- . ■ . (I.) 
2". Because the triangles CFM and CFE have the common altitude CM, 
they are to each other as their bases: hence, 

CFM : CPE : : FM : PE; 
and because CP bisects the angle ACM, we have (B. IV., P. XVII.), 




like parts of the polygons 
o the polygons theraselvea. 
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FM : PE : : CM : CE X : CD : OA; 
hence (B. IL, P. II.), 

CPM : CPE : : CD : CA oc CM. 
But, the triangles CAD and CAM have the common altitude AD ; they are 
therefore, to each other as their bases: hence, 

CAD : GAM : : CD : CM; 
or, because CAD and CAM are to each other as the polygons to which they 
belong, 

p : p' : : CD : CM; 
hence (B. IL, P. IV.), we have, 

CPM : CPE : : p ': p', 
and, by composition, 

CPM : CPM+CPE or CME : : p : p+p'; 
hencefE. II,,P.VII.), 

2CP3I or CMPA : CME : : 2p : p+j^. 
But, CMPA and CME are like parts of P" and P. hence, 
P' : P : : 2p : p+p'; 



- ^P X -P 



(2.) 



ScAoKum. By means of Equation (1), we can find p', and tlien, by means of 
Equation (2), we can find P'. 

PEOPOSITION XII.— PEOBLEM. 
Tojind the approximale area of a cii-de whose radiiis is 1. 

The area of an inscribed square is eqnal to twice the square of (he radius, or 5 
(P. 111., 8.), and the area of a circumscribed square ia 4. Mailing p equal to 2 
and P equal to 4, we have, from Equations (1) and (2) of Proposition XI., 
p' = i/8 = 2.8284271 . . . inscribed octagon ; 

16 
P" = —-- — ^ = 3.3137085 . . . circumscribed octagon. 
2 + j/8 

Makingp equal to 2.8284271, and Pequal to 3,3137085, we have from the samt 
equations, 

p' = 3.0G14C74 . , . inscribed polygon of 16 sides. 

P" = 3.1825979 . . . circumscribed polygon of 16 sides. 
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By a continued application of these equations, we find the areas indicated it 
the following 



...... O.S...S. 


— »"■■ 


"■— — ■ 


4 


2.0000000 


4.0000000 


s 


2.8284271 


S.3137085 


16 


3.0614674 


3.1825979 


32 


3.1214451 


3.1517249 


64 


3.1365485 


3.1441184 


128 


3.1403311 


3.1422236 


256 


3.1412772 


3.1417.504 


512 


3.1415138 


3.1416321 


1024 


3.1415729 


3.1416025 


2048 


S.I4I5877 


3.1415951 


4096 


3.141M14 


3.1415933 


8192 


3.1416923 


3.1415928 


16384 


3.1415025 


3.1415927 



Now, !he a. 



if the last two polygons differ from each other by less than 



tlie millionth part of a unit, but tbe area of the circle d 
than they differ from each other; hence, tiie value of lli 
from that of the circle by leas than a millionth part of a 
ures aa far as they agree, and denoting the number of uni 
by T, we have, approximately, 

IT = 3.141592 ; 
that is, the area of a eirde vshose radius is 1, is 3 141592. 

Scholium. For practical computation, thcTalne of ir is taken equal ti 



■a from eitlier by less 
lOf either will differ 
t. Taking the fig. 
n the required area 



3.1416. 



The third metliod ia taken from " Cliauvcnet's Elementary Geome- 
try," and gives the approsiinat* ratio of the circumference to tiio di- 
ameter, by two' different methods, to 8193 sides each. The first is 
called the Method of Perimeters, and the second the Method of Iso- 
pcrimeters. The above approximate ratio is followed by a chapter on 
the Doctrine of Limite taken from the same aathor. 
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PROPOSITION X.— PBOBLEM. 




25. Given the perimelera of a regular inserHed and a similar drcamscribed pdy- 
gaa, lo compute the perimeters of Uie regalar inscribed and cireunucribed polygwia 0/ 
dovMe the inimier of sides. 

Let AB iie a side of the given inscribed 1 
polygon, CD a aide of tlie Bimiiar circun 
ECiibed polygon, tangent to t)ie arc AB at il 
middle point E. Join AE, mid at A and B 
draw the tangents AF and BG ; then AE is a 
side of the regular inscribed polygon of double 
the number of sides, and FQ is & side of 
the circumscribed polygon of double the 
number of sides (4). 

Denote the perimeters of the given inecribed and circumscribed polygons by 
pand P respectively J and the perimeleTHOfthe required inscribed and circum- 
scribed polygons of double the number of sides by j/ and P' respectively. 

Since 00 is the radius of the circle circumscribed about the polygon whose 
perimeter is P, we have (10), 

P^OG qc 

p OA "'■ OE' 
and since OP bisects the angle OOE, we have (III. 21), 



whence, by composition, 

P+P _CF + FE _CE 
2p " 2PE ^ 'FG- 
Now F6 is a side of the polygon whose perimeter is P', and is contained 3 
many times in P' as CE is contained in P, hence (III. 9), 
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Since AH and AE are contained tlit 
number of times in p and p', 



and since £ir and EFar 


e contained tlie same 


number of times in p' 


nd P', respectively, 


we have 






EN p' 




EF~ r 


therefore, we have 






whence 

p' = i/^XP^ [2J 

Therefore, from tlie given perimelers p and P, we compute P* by the equa- 
tion [1], and then with p and P' we compule p' by tiie equation [2]. 

26. DefinUioit. Two polygons are isopenmelri/i when their perimeters are 

PROPOSITION XI.— PKOBLEM. 

27. Given the radkis and apolhem of a regular polygon, to compule the radius and 
apolhem qf the isoperiinelric polygon of tlowble the number of sides. 

Let AB be a side of the given regular polygon, the center of this polygon, 

OA its radius, OD its apothem. Produce BO to 

meet the circumference of the circumBcrJbed circle 
in O"; join O'A, (XB; let fall OA' perpendicular to 
(/A, and through A' draw A'B" parallel to AB. 

Since the new polygon is to have twice as many 
sides as the given polygon, the angle at its center 
muHt be one-half the angle ^OB; therefore the an- 
gle ^(XB, which ia equal to one-half of ^0£ (II. 
57), ia equal to the angle at the center of the new 
polygon. ^' 

Since the perimeter of the new polygon is to be equal to that of the given 
polygon, but is to be divided into twice aa many sides, each of its sides must be 
equal to one-half of AB; therefore A'B", which is equal to one-half of AB 
(I. 121), is a side of the new polygon; O'A' is its radius, and O'i)' ils apothem. 

If, then, we denote the given radius OA by R, and llie given apothem OD by 
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r, the required radiua O'A' hy R', and the apothem CKC by i-", we have 
^-v.. 0'D_qO^J-_OB 



In the right triangle OA'O', we have (III. 44), 
0^57' =00' X CD', 

S' = v'iKxT-' i [2] 

therefore, r' ia an arithmelie mean between JJ and r, and £' is a jeomeirie mean 
between 5 and r'. 

MEASUREMENT OP THE CIRCLE. 

The principle which we employed in the compariHon of incommensurable 
ratios (II. 49) ia fundamentally the same ns that which we are about to apply 
to the measurement of the eircle, but we ehiill now siule it lit a much more gen- 
eral form, better adapted for subsequent application. 

28. Defin-itMna. I. A varitlile quantity, or ximply, a variaMe, ia a quantity which 
boa different auccesaive Ta,luea. 

II. When the auceessive values of a variable, under the eondition.a im- 
posed upon it, approach more and more nearly to the value of some fixed or 
constant quantity, so that tlie dilTerence between the variable and the constant 
may become less tlian any assigned quaniily, without becoming zero, the 
variable is said to appi'oach indefinitdy to the constant; and the constant ia 
called the limit of the variable. 

Or, more briefly, the limit of a variable is a constant quantity to which the 
variable, under the conditions imposed upon it, approaches indefinitely. 

As an example, illuatrating these definitions, let a point be required to move 
tcoraAto B under the following conditions: it 

shall first move ovei- one-half of AB, that is to O; , *; " j " '^ " , 

then over one-half of OB,to C ; then over one- '^ « 

half of (7B, to O"; and so on indefinitely ; then 

the diatance of the point from A is a ■variable, and this variable approaches in- 
deSnitely to the eons!o»( AB, as its limit, without ever reaching it. 

As a second example, let A denote the angle of any regular polygon, and n 
the number of sides of the polygon; then, a riglit angle being taken as the 
unit, we liave (8), 



The value of ^ ia a variable depending upon n; and since n may be taken so 
great tliat - shall be leas than any asaigned quantity however small, the value 
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3 limit, but evidently n 



r reach 68 



Ij two TOrioWe ^a-aiilies w 
u limit, the two limits are neceeeari 
aoh other present in fact hat o: 
le variable value shall itt the ei 






of A approaches to two right angles as 
that limit. 

29. Peihciple of Limits. Theorem 
eqaal to each other and eocA approaches 

For, two variables always equal ti 
and it is evidently impossible that one variable value shall at the eame time 
approach indefinitely lo two unequal liioils. 

.10. Tkeorem,. The limit of tlie prodiKt of two variables is the product of Ikeir 
limits, ThuB, if x approacbes indefinitely to the limit a, and if approaciies in- 
definitely lo the limit b, the product a^ pinst approach indefinitely to the pro- 
dact ab; that is, the limit of the product xy is the product ub of the limits of x 

31, Theorem. Jftwo Mariahlei are in a conaJant ratio and each approaches to a 
limil, these limits are in the tame constant ratio. 

Let X and y be two vaciables in the constant ratio m, that is, let x = my; and 
lettiieir limits be a and b respectively. Since y approaches indefinitely to b, 
my approaches indefinzlely to mi; tlierefore we Iiave x and my, two variables, 
always equul to each other, whose limits are a and mb, respectively, whence, hj 
(29), a = mb; tliat in, a sod b are in the constant ratio m. 

PROPOSITION XVI.- THEOREM. 

42. T/ie area: of a eirde is equal to half the product of its circumference hj iia 
radius. 

Let the, area of any regular polygon circumscribed ^ d b 

about the circle be denoted by A, its perimeter by P, and 
its apothem which is equal to the radius of the circle by 
.E; then (22), 



^ = i P X -B, 



= 5a 




~^iR,<,tS=hCy.l 



Let the number of the sides of the polygon be continually doubled, then A 
approaches the area S of the circle as its limit, and P .ippraicbes the circum- 
ference as its limit; but A and Pare in the constant ratio Jil; therefore 
their limits are in the same ratio (31), and we have 

[I] 

43. Corollary I. The area of a circle is equal to the sijuare of its radiue mvili^icd 
by the constant number t. For, substituting for C its value 2iTii in [1], we have 

S = ^iP. 

44. CoraSary II. The area of a sector ia equal to half the p'odnct of its arc by the 
radivs. For, denote the arc 06 of the eector a 6 by c, and tiie area of the Bee- 
tor by s; then, since and s are like parts of Caud S, we have (III. 9), 

s_e_ icXli 
S O i C X E" 
BulS=^iCXIi; therefore a = 5 c X fi- 
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45. Scholium. A eircle matf be regarded as a regfilw polygon of an infinite num- 
ber of sitlei. In proving tliat tlie circle is tVie limit towards which the inscribed 
regular polygon approaches when the nuinbei- of its sides is increased indefin- 
itely, it was tacitly assumed that the number of sides is always ^^tifte. It was 
shown that the difference between the polygon and the circle may be made lesa 
than any assigned quantity by making the number of aides sufficiently great; 
but an assigned difference being necesaartly a finite quantity, there is also Bome 
finite number of sides sufficiently great to satisfy the imposed condition. Con- 
versely, so long: as the number of sides is finite, there is some finite difference 
between the polygon and tEie eircle. Bat if we make the liypotliesls tJiat the 
number of sides of the inscribed regular polygon ia greater titan any finite number, 
that is, infinite, then it must follow tliat the difference between the polygon and 
the circle is less timn any finite qvantily, that ia sero; and conKcquently, the circle 
is identical with the inscribed polygon of an iuSnito number of aides. 

This conclusion, it will be observed, is little else than an abridged statement 
of the theory of limits as applied to the circle ; the abridgment being effected 
by the hypothetical introduction of the infinUe into the statement. 

PROPOSITION XYII.— PROBLEM. 

46. To compute the ratio of the ciiatmference of a circle to its diameter approxi- 
foately. 

First Method, called the Method of Pekimetehs. In this method, we 
take the diameter of the circle as given and compute the perimeters of some 
inscribed and a similar circumscribed regular polyRon. We then compute the 
perimeters of inscribed and circumacribed regular polygons of double the nnm- 
ber of sides, by Proposition X. Taking the last-found perimeters as given, we 
compute the perimeters of polygons of double the number of sides by the same 
method ; and so on. Aa the number of sides increases, the lengths of the per- 
imeters approach to that of tlie circumference (36); hence, their successively 
computed values will l>e succeasive nearer and nearer approximations to the 
value of the circumference. 

Taking, then, the diameter of the circle as given = 1, let us begin by inscrib- 
ing and circumacribing a square. The perimeter of the inscribed aquare = 4 X 
J X v'2 = 2/2 (13); that of the circumscribed square = 4; therefore, putting 
P=i. 

p = 3/2 = 2.8284271, 
we find, by Propoaition X., for the perimetew of the circumscribed and in- 
scribed regular octagons, 

p/ ^ P X . P ^ 33137085 

P + p 
p' = /p"x"P^= 3.Q614675. 
Then taking these as given quantitiea, we put 

P = 3.3137085, p — S.0614675, 
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nhd find by the same formula for the polygons of 16 siiies 
P' = 3,1825979, / -= 3.13144&2. 
Continuing this process, tlie results will be found as in the following 
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3,1441184 


3.1403312 


128 


3.1422236 


3.1412773 


256 


3.1417504 


3,1415138 


512 


3.1416321 


3.1415729 


1024 


3.1416025 


3.1415877 


2048 


ai4!&951 


3.1415914 


4096 


3.1415933 


3.1415923 


81S2 


3.1415928 


3,1415926 



From the last two numbera of this table, we learn that the circunifeience of 
the circle whose diameter is unity is less than 3,1415928 and greater than 
3.1415926; and since, when the diameter — 1, we have C = t (40), it follows 
that 

TV =: 3,1415927 
withiD a unit of the seyenth decimal place. 

Secoki) Metmod, called the Method op Isoperimeters, This mefhod is 
d upon Proposition XI. Instead of ta.king the diameter i 



puting it 

diameter; < 

Suppose 1 



mference, we talte the circumference as given and compute the 
e take the semi-circumference as given and compute the radius, 
Bsume the semi-circuaifeience i C = 1 ; then since C = 2wB, we 



~ It 



li' 



that is, tiie value of jt is the reciprocal of the 
whose semi -circumference is unity. 

Let ABCD be a square whose semi-perimeter = I 
each of ite sides = i. Denote its radius OA by R, 
apothem OE by r ; then we have 

r = i = 0.2500000, 
B =. j/2 -= 0.3535534. 



of the radius of the circle 




• The coiDinitBl^as have been carried out with I 
euiBcf of the serentli place si given in the tnble. 



1 order to ensure the oo- 
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Now, by Proposition XI., we compute the apothem r' and the radios B' of 
the I'eguUr polygon of S eidea haying the same perimeter as this square ; we find 

r' = '^-4^ = 0.30177S7, 
B' = VBXr' = 0.3266407. 
Again, taking these as given, vie put 

1- = 0.3017767, B = 0.3266407, 
and find by the same formulaB, for llie ai>othem and radius of Ihe iaoperimetrie 
regular polygon of 16 sides, the yahiea 

r' ~ 0.3142087, If = 0.3203644. 
Continuing this proceaa, the results are found as in the following 

TABLE, 
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0.3183099 


81fi2 
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Now, a circumference described with the radius r is inscribed in the polygon, 
and a circumference described with a radiua Jt ia circumscribed about the poly- 
gon; and the first circumference is less, while the second is greater, than the 
perimeter of the polygon. Therefore the circumference which h equal to the 
perimeter of tlie polygon has a radius greater than r and less than iJ; and this 
is true for each of the successive isopBrimetric polygons. But the r and B of 
the polygon of 8192 sides do not differ by so much as .0000001 ; therefore the 
radius of the circumference which ia equal to the perimeter of the polygons, 
frhat is, to 2, is 0,3183099 within leas than .0000001 ; and we have 

within a unit of the sixth decimal place. 

47 iSWioiiiim I. Observing that in this second method the value of r=J, for 
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the square, is the arithmetic mean of and J, and that iJ=J-(/2 is the geomet-' 
rie mean between J and J, we arrive at the following proposition ; 

The value of - is the limit approached by the successive numbers obtained by starting 

from the namiers and J and taking alternately the arithmetic mean and Ute geo- 
metrle mean betvKen tlie Ivio ichieh precede. 

48, Scholinm. II. Akchimebbs (bora 287 B. G.) was the first to assign an 
approximate value of t. By a method similar to the above " first melhod," he 
proved that its value is between 3^ and 3JJ, or, in decimals, between 3.1428 and 
3.1408; he therefore assigned its value correctly within a unit of the third deci- 
mal place. The number 3}, or y, usually cited as Archimedes' vahie of ff 
(althougli it is but one of the two limits assigned by him), is often used as a 
sufficient approximation in rough compulations. 

MBiroa (A. D. 1640) found the much more accurate value {f|, which cor- 
leelly represents even the sixth decimal place. It is easily remembered by 
observing that Ihe denominator and numerator written consecutively, thus 
113i355, present the first three odd numbera each written twice. 

More recently the value has been found to a very great numher of decimals 
by the aid of series demonstrated hy the Differential Calculus. Clausen and 
Dask, of Germany), about A, D. 1846), computing independently of each 
other, carried out the value to 200 decim I pi d tl eir results agreed to 

the last figure. The mutual veriScation b d amps their results as 

thus far the best established value to h h p (See Schumacher's 

Astrtntomiiche Naehriehien, No. 689.) 0th p h re carried the value 

to over 600 places, but it does not appear h es ts have been verified. 

The value to fifteen decimal places is 

» = 3.14159 9 u589 93 
For the greater number of practical app h e t =^ 3.1416 is suffi- 

ciently accurate. 

I shall close the introduction to the present volume by the following 
account of the quadrature of the circle, whicli I have been permitted to 
copy from "Chambers Encyclopedia," through the courtesy of the 
Superintendent of the Young Men's Mercantile Library of Cincinnati, 
Ohio, from the copy of the same in their possession ; 

QWADRATUKB OP THE ClKCLE. 

This is one of the grand problems of antiquity, which unsolved and probably 
unsolveable, continue to occupy even in the present day, the minds of many cu- 
rious speculators. The trisection of the angle, the 'duplication of the cube, and 
the perpetual motion have found, in every age of the world since geometry and 
physics were thought of, their hosts of patient devotees. The physical question 
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involved in tlie perpetual motion (q v) is treated of iiniler tlial head ; and we 
Bliall now take the opportunity of noticing tlie matkemaliad questions involved 
in the other problems above mentioned ; but more especially that of the quad- 
rature of (he circle, in which the dilGcultj ia of a different nature fmui that in- 
volved in the other (wo geometrical ones. A few word^ about them, however, 
vfill help as an introduction to the Bubject, According to the postuUites of or- 
dinary geometry, all constructions must be made by the help of the circle and 
straight line. Straight litiea intersect each other in but ime point ; and a straight 
line and circle, or two oirclea, intersect in two points only. From the analytical 
point of view we may express these facfs by eaying that the determination of the 
intersection of two straight lines involves an equation of the^rei degree only; 
while that of the intersection of a straight line and a circle, or of two circles, ia 
reduciblH to an equation of the second degree. 

But the trisection of an angle, or the duplication of the cnhe, requires for its 
accorapiishment, the solution of an equation of the (Ai'iii degree; or, geomet- 
rically, requires the intetaections of a ntraiglit line and a curve of the third 
degree,or of two conies, etc., aW ^whiek an excluded bg the postulates of the eeierKe. 
If it were allowed Hiat a parabola or ellipse couid be described with a given 
fucos and directrix, as it is allowed (hnC a circle can be described with a given 
radius about a given center, the trisection of an angle and the duplication of the 
cube would be at once brought under tlie category of questions resolvable by 
pure geometry ; so that the difficulty in these cases is one of mere restriction 
of the postulates of what is to be called geometry. 

It is very different in the case of the quadrature of the circle, which (the 
reader of the preceding article will see at once) means the determination of the 
area of a (;ircle of given radius, literally, tlie assigning of the side of a square 
whose area shall be equal to that of the given circle. 

The common lierd of "squarers of the circle," which grows more nuinei-ous 
every day, and which includes many men of undoubted sanity, and even of the 
highest business talenls, rarely have any idea of (he nature of the problem they 
attempt to solve. It will, therefore, be our best-course to show, first of all, v>htU 
has been done towards the solution of the problem ; we shall then ventui'e a few re- 
marks as to vikttmayyel be dime, and in what direction piiilosophic "sqnarers of 
the circle" must look for real advance In the first place, then, we observe that 
meckimical processes are MUa'ly inadmissible. A fair approJtimation miiy, no doubt, 
begot by measuring the dinmet«r of a circular disc of uniform material, and 
comparing the weight of the disc with that of a square portion of (he same ma- 
terial of a given side. But it is almost impossible to eiecnte any measurement to 
more than six places of significant figures; hence, as will soon be shown, this 
process is at best but a rude approximation. The same is to be said of such ob- 
vious processes as wrapping a string round a cylinder poat of known diameter 
and comparing its length with the diameter of the cylinder; only a rude ap- 
proximation to the ratio of the circumference of a circle to its diameter can thus 
be obtained. Before entering on the history of (he problem, it roust be remarked 
that the Greek geometers knew tliat the area of a circle is half the rectangle un- 
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derila radiua and circiimferencB (see Circle), bo that tlie determination of t!ie 
length of the circumference of a circle of given radius is precisely the ssme 
problem as that of the quadrature of the circle. 

Confiniiig ourselvea atvictlj to the best ascertained steps in the history of the 
question, we remark tint Archimedes proved that the ratio of tlie diameter to 
(he circumference is greater than 1 to S^ or 3^j and less than 1 to 3^^; the 
difTerence between these two extreme limits is less than the lOOOlh of the whole 
ratio. Archimedes' process depends upon the obvions trath, that the circum- 
ferenee of an inseiibed polygon la less, while that of a eircum scribed polygon 
is greater, than that of the circle. His calculations were extended to regular 
polygons of fl6 sides. 

Little more seems to have been done by mathematicians till the end of the 
16th century, when P. M&ius gave expression for the ratio of the circumference 
to the diameter as the fraction ^^f, whicli, in decimals, is true to the seventh 
fignifioant figure inclusive ; cnriously enough it happens that Ihia is one of the 
fractions which exprees in the lowest possible terras the best approximation to 
(he required number. Melius Beem.'i to have employed, with the aid of far su- 
perior arithmetical notation, a process similar to that of Archimedes. Viete 
shortly afterwards gaye the ratio in a form true to the tenth decimal place, and 
was the first to give, though of course in itifinite terms, an exact formula. Des- 
ignating, aa is usual in mathematical Morks, the ratio of the circumference to 
the diameter n, Viete's formula is 

I = Sl/i X l/i + Vi X t/* + VJ + V5 X etc. 
Shortly aflerwards, Adrianus Eomanus, by calculating the length of the side 
of an equilateral inscribed polygon of 10737^1824 sides, determined the value ol 
IT to 16 significant figures; and Ludolph Van Ceulen, his contemporary, by cal- 
culating that of the polygon of 36.893488147419103232 sides, arrived (correctly) 
at 36 significant figures. It is scarcely possible to give, in the present day, an 
idea of the enormous labor which thlB mode of procedure entails even when only 
8 or 10 figures are sought; and when we consider that Lndolph was ignorant of 
logarithms, we wonder that a life timesufficed for the attainment of such a result 
by the method he employed. 

The value of "■ was thus determined to of its amount, a fraction of 

■which, after Montucia, we shall attempt to give an idea, thus; suppose a circle 
whose radius is the diatanee of the nearest fiied star (250,000 times the earth's 
distance from the aun), the error in calculating its circumference by Ludolph's 
result would be so excessively small a fraction ot the diameter of a human hair 
as to be utterly invisible, not merely under the most powerful microscope yet 
made, but under any which future generations may be able to construct. 

These results were, as we have pointed out, all derived by common arith- 
metical operations, baaed on the obvious (ruth that the circumference of a circle 
is greater than that of any inscribed, and less than any circumscribed polygon. 
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They involve none of those more subtle ideas connected with litail«, infinitesi- 
mals, or differentials, wliicli seem to render more recent results euspecled by mod- 
ern "squarers." If one of that nnhappy body would only consider this simple 
fact, he could hardly have the presumption to pablish his 3.1250 or whatever it 
may be, us the accurate value of a quantity which, by common arithmetical pro- 
ceases, founded on an obvioua geometrical truth, was several centuries ago 
shown to be the greater tlian 31 4159265358S7 93238462643383 27950288 and lees 
than 314159265358979323846264338327950289. 

We now know by far simpler prooeeeea its exact value to moi'e than 600 places 
of declmalsj but the above result of Van Ceulen is much more than sufficient 
for any possible practicil application even in the most delicate calculations in 
astronomy 

Snellius, Huyghen^ Gregory de St Vincent, and others, suggested simplifica- 
tions of the polygon proiess, whiLli are in reality some of the approximate 
expressions deiived from modern trigonometry. In 1668 the celebrated James 
Gregory gave a demonstration of the impossibility of effecting exactly the quad- 
rature of the circle, which, although objected Ic by Huyghens, is now received as 
quite satisfactory. We may merely revert to the speculations of Fermat, Eober- 
Tal, Cavalleri, Wallis, Newton, and others, as to quadrature in general ; their 
most valuable result was the invention of the Differential and Integral Calculus, 
by Newton, under the iiiime of Fluxions or Fluents. Wallis, however, by an 
, . , ... . . ,, . T 2.4.4.6.6.8.8.10.10, etc., . . , 
ingenious process of interpolation, showed that 7^=- q o k e 77 no .] wliicli 

is interesting as being the first recorded example of the determination, in a 
finite form, of value of the ratio of two infinite products. 

Lord Bruncker, being consulted by Wallis as to the value of the eapresaion, 
put it in the form of an infinite continued fraction, thus : 



2 -1-49 

2+, etc. 
in which 2 and the squares of tlio odd numbers appear. This formula has 
been employed to show that not only ir, but its square, is incommensurable. 
Perhaps the neatest of all the formulas which have been given for the quadra- 
ture of tlie circle, is that of James Gregory, for the arc in terms of its tangent — 
namely, 9 = tan. — 1 lan.f -f i tan. '«— etc. 

This was appropriated by Liebnilz, and formed, perhaps, the first of those 
audacious series of peculations from English mathematicians which have for- 
ever dishonored the name of a man of real genius. 

If we notice that, by ordinary trigonometry, the arc, whose tangent is unity, 

(the arc of 45° or) j falls short of four times the arc whose tangent is ^ by an 
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angle whose tangent is 5^5, we may easily calculate - to any required number 
of decimal places by calculating from Gregory's formula tiie values of tbe 
arcs corresponding to J and jjj as tangents. And it is, in fact, by a sligbt modi- 
fication of this process (which was -originally devised by Maeliin) that ir has 
been obtained by independent calculntora to 600 deciianl places. It ia not yet 
proved, and it may not be true, that the area or circnmference of a circle can 
not be expressed in finite terms; if it cun be, these must, of course, contain 
irrational quantitieB. The Integral Calculus gives, among hosts of others, the 
following veiy simple expression in terms of a definite integral: 



2 J l+i' 



Now it very often happens that the value of a definite integral can he as- 
signed when that of ihe general integral can not ; and it is not impoBsible, Ho far 
na is yet known, that the above integral mav be eipresBed in such form as 

\~ + ^ y 
where }/x and ] y e at nal n mh S h an expression, if discov- 

ered, would u d bt dly b 1 led a a It of tlie grand problem. But 
this, we need I dly ay h p f s iution attempted by "squarers." 

We could eas ly f m u wn p nee al , give numerous instances of 
their helplea. bsu d t b ( we pa e tl e eader and refer him, for further 
information tb pa nful y t d ul u bj t, to a recent series of papers, 
by Professor D M g n n the itft (f nd o the very interesting work 

ot Montucla, Hslo des Bed ehea w kt (^aad atwe du Cercfc. 
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BY AN EKTIRELT NEW METHOD, TOHBTHEB WITH AMPLE PB00F3 OP 
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QUADRATURE OF THE CIRCLE. 



Of Lines, Angles, etc., see Plate 1. 

1. ScienoQ is knowledge systematized. 

2. Art is the skill with which the principles of a science are prac- 
tically applied. 

3. Quaotity is anything which can he increased, diminished, or 
meaaured. 

4. Mathematics is the science of quantity. 

5. Geometry is that branch of mathematics which treats of the prop- 
erties of extcTtsion and figure. 

Links. 

6. A line hat jnly one dimension, namely, length; without either 
breadth or thickneai , lines are either straight or curved. 

7. The (striinifies of a line are points. 

8. A point has no dimensions, and therefore it has uosize; and is 
usually i-epresented to the eye by a dot, as at AA. 

9. A straight line is the shortest distance between any two given 
points, as at £. 

10. A curve ij line does not lie evenly between its extreme points; 
but constantly changes its course as at 0. 

11. A waved line is composed of curved lines as at E. 

12. Parallel straight lines are in the same plane, but have uo incli- 
nation towards one another ; and heing produced ever so far, both ways 
can not meet, as at D. 

13. Parallel curved linos if produced would form two concentric 
circles ; that is, having a common center, as at F. 

14. When a straight line standing on another straight line makes 
the adjacent angles equal to one another, each of the angles is a right 
angle, and the straight line which stands on the other is called a per- 
pendicular to it ; IKL are perpendiculars to the line GH. 
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DEFimnOXS OF LINES AS'D ANGLES 
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15. IncliDod liues, as II aud / if produced, would meet in a poiut UK 
K fovraing an augle of which the point K is the vertex, and the linea 
//and / the legs of the angle. 

16. When two straight lines out each other so as to make the adja- 
cent angles equal to one another, each of the angles is a right angle ; 
and tlie straight Hbcs which so cut each other are perpendicular to 
one another; thus QR is perpendicular to ST and XY to ZV; hut 
perpendicular lines are not always vertical and horizontal ; JCY is a 
horizontal lino, and ZV'k & vertical line. 



17. If there is only one angle at a point it may he denoted by a 
letter placed at the vertex, as at K. But if several angles are at one 
point, any one of them is expressed by three letters, of which the 
middle one is at the vertex; thus the angle which is contained by the 
straight lines UWYis. called the angle UWYf>Y YWU. 

EBHiRK.— Angles lite other quantlUea may lie adaeii, auMtacted, multiplied, and divided ; 
thuBthoai^le CirriatliB sum of the angles firK, V^VX, XWY, asi. the angia UWVU the 
difference between tlie two angles, riftrand YWV 

18. An acute angle is less than a right angle; thus the angle at K 
is an acute angle. 

19. An obtuse angle is greater than a right angle ; thus the angle at 
P is an obtuse angle. 

20. An oblique angle is formed by one straight line meeting another 
straight line ou one side of it, so as to make the adjacent angles equal 
to two right angles. 

21. A plane angle ia the inclination of two lines to one another in 
a plane which meet together, but are not in the same direction, 

22. A plane rectilineal angle is the inclination of two straight lines- 
to one another which meet together, but are not in the same straight 
line. 

23. A Theorem is a truth requiring demonstration. 

24. An Axiom is a self-evident truth. 

25. A Peoblem is a question requiring a solution. 

26. A Postulate is a self-evident problem. 

Theorems, Axioms, Problems, and Postulates, are all called Propo- 
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27. A Lema is an auxiliary proposition. 

28. A CoEOLLAKY is an obvious consequence of ooe or more propo- 
sitions. 

29. A Scholium is a remark made upon one or more propositions, 
with reference to their connection, their use, their extent, or their 
limitation, 

30. An Hypothesis is a supposition made, either in the statement 
of a proposition, or in the course of a demonstration. 

31. Magnitudes are equal to each other, when each contains the same 
unit an equal number of times, 

32. Magnitudes are equal in all their parts, when they may be 90 
placed aa to coincide throughout their whole extent. 

0/ Plane and Rectilineal Surfaces. 

1. A superfices or surface has two dimeimonn ; length and breadth 

KEWiEK — The estrenildes of superfioea nre lines. A (enn or bounaai-y ia tLe estremity o£ 
anything. A figure is enoloaed by qne or wore boundaries. 

Vora.—Stciaime! figures u-e contained hy etn^ght linee. Ttilaleral figures or Majiglea, by 
three straight lines ; gua^^H'a^erai figures, by four straight lines; muttlUtt^al&gu:£esorpolygoti3t 
by moi'e than four slraight lines. 

2. An equilateral triangle has three equal sides, as A. 

3. An isoceles triangle has two equal sides, as B. 

4. A right-angled triangle has one right angle, as C. 

Remark. — Tho side opposite the right angle la called the hr^oHieau^. 

5. A scalene triangle has three unequal sides, as D. 

6. An oifttsfl-angled triang3e has one obtuse angle as 0. 

7. An acute-anffled triangle has three acuto angles, as A. 

8. A square has all its sides equal, and all its angles right angles, 
as E. 

9. A rhombus has all its sides equal, but its angles are not all right 
angles, as H. 

10. A rhomioid has its opposite sides equal to one another, but all 
its aides are not equal, nor its angles right angles, as FG. 

11. A trapezoid has only two of its sides parallel, as IK. 

12. All other four-sided figures beside these are called trapeziums. 

Note.— The terms oitlvu/ and r&»B*Did are not ofleo uaed ; praoiically the following defini- 
tions are used t Any four^ded figure is called a guadfilaifraL A line joining tvo opposite 
angles of a quadrilateral Is called adiajmof. A quadcQaleral whlcli has Ha opposite sides par- 
allel is called apartttl^ogram. The words igtiaro and r/umbas aro used lo the same as defined by 
Euclid, and the word rec/onfffe la used Instead of the word oblong. 

Some writers propose to restrict tbe word trapeiimn to a quadrilateral which has two of its 
sides parallel; audit would certainly heconvenlent If thlareatriotion were univorsally adoulerl. 
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Of the Circle, see Plate 3. 

1. A circle is a plain figure bounded by a curved line called the cir- 
cumference, every point of which is equally dista,nt from a point within* 

Acd this point within is called the center A, F, C, B, if, D, G is the 
circumference and E the eenter of the circle. Fig. 2 Plate 3. 

2. A radius is a straight line drawn from the center to any point of 
the circumference AE, CE, BE, DE. Fig. 2 Plate 3. 

3. A diameter is a straight line drawii through tlie center and ter- 
minating in the eireurnferenoe, as AB, CD. Fig. 2 Plate 3 

are«qmil. Ail dlamefera areeiidal,an(leaob Is double 

4. An arc is any part of the circumference, as AF. Fsj. 1 Plate 3. 

5. A chord is a straight line joining the extremities of an arc, as 
FH. Fig. 1 Plate 3. 

6. A seffinent IS that ■part of n cirele between an arc and its chord 
AG, HB, and GHD; Fig. 2 Plate 3 are segments of the circle .d5(?i). 

7. A sector is ttiat part of a circle included within an arc and the 
radii drawn fo its extremities FEC; Fig. 2 Piate 3 is a sector of the 
circle ABCD, also AEF, CEB. 

EltMAHK.— -jlSFisBlsooaliedawaHMKbecauso it is one-ifeift part of ihe circle, aiid CSB is 

Triqoxometry. 

Tiigonometry ts the s<-ience mhieh teaches how io determine the several 
pailb of a tiianyle from havvag certain parts ffivea. 

PUne trigonometry tre its of plane triangles; spherical trigonometry 
treats of spherical triingles 

The circumference of a circle is supposed to be divided into 360 
equal parts eilled degiees each degree into 60 minutes, and each min- 
ute into 60 secoiidt Degieea minutes, and seconds are designated by 
the characters °, ' ' Thus 23° 14' 35" is read 23 degi'ees, 14 
minutes and 35 ".eeonds 

Since an angle at the eenter of a circle is measured by the are inter- 
cepted by its sides i right angle is measured by 90°, two right angles 
by 180° and fom right inglis are measured by 360°. 

The comple nent of an are ii what remains after subtracting the are 
from 90° Thus the arc DF, Fig. 1 Plate 3, is the complement of 
AF. The complement of 25° 15' is 64" 46'. 
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In gooeral, if we represent any are by A, its oomplement ia 90° — A. 
Honco, if an ave is greater than 90°, its complement must be negative. 
Thus the coiaplemeot of 100" 16' is — 10° 15'. Since the two aeut« 
angles of a right-aagled triangle are together equal to a right angle 
each of them must bo the complement of the other. 

The supplement of an are is what remains after subtracting the are 
from 180°. Thus the arc SBF is the supplement of the arc AF. 
The supplement of 25° 15' is 154° 45', In general, if we represent 
any are by A, its supplement is 180° — A. Hence, if an arc is greater 
than 180°, its supplement must be negative. Thus the supplement 
of 200° is — 20°. Since in every triangle the sum of tbe three angles 
is 180°, either angle ia the supplement of the sum of the other two. 

The sine of an arc is the perpendicular let fall from one extremity of 
ike are on the radius passinff Ihroiiffh the other extremity. Thus FG 
is the sine of the arc AF, or of the angle ACF. 

Every s»ie is half the chord of double the arc. Thus the sine FG is 
tbe half of FH, which is the chord of the are FAJI, double of FA. 
The chord which subtends the sixth part of the circumference, or the 
chord of 60°, is equal to the radiua (Loomis' Geom., Prop. IV., Book 
VI.); henoe the sine of 30° is equal to half of the radius. 

The versed sine of an arc is that part of the diameter intercepted be- 
tween the sine and the arc. Thus GA is the versed sine of the arc 
AF. 

The tangent of an arc is the line which touches it at oTie extremity, and 
it terminated hy a line draion from, the center through the other ex- 
tremity. Thus J 7 is the tangent of the are AF, or the angle ACF. 

The secant of an, arc is the line drawn from the center of the circle 
through one extremity of the arc, and is limited by the tangent drawn 
through the other extremity. Thus CI is the secant of the arc AF, or 
of the angle _dCF. 

The cosine of an arc is the sine of the complement of that arc. Thus 
the are DF, being the complement of AF, FK is the sine of the arc 
DF, or the cosine of the arc AF. 

The cotangent of an arc is the tangent of the complement of that arc. 
Thus, DL is the tangent of the are DF, or the cotangent of the arc 
AF. 

The cosecant of an arc is the seonnt of the complement of that are. 
Thus CL is the secant *of the arc DF, or the cosecant of the arc AF. 
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al, if we represent any angle by A, 

Coa. A = siue (90°—^). 

Cot. A = tang. (90°— J). 

Coseo. A = sec. (90"—^). 

Since, in a right-angled triangle either of the acute angles is the 

complement of the other, the sine, tangent, and secant of one of these 

angles is the cosine, cotangent, and cosecant of the other. 

The sine, tangent, and secant of aa arc are equal to the sine, tan- 
gent, and secant of its supplement. Thus FG is the sine of the arc 
AF, or its supplement, BDF. Also, AI, the tangent of the arc AF, 
is e(iual to BM, the tangent of the arc BDF; and CI, the secant of 
the arc AF, is equal to CM, the secant of the are BDF. 

The versed sine of an acute angle, jit7-f, is equal to the radius minus 
the cosiae CG. The versed sine of an obtuse angle BGF, is equal to 
radius plus the cosine C'G ; that is to BG. 

The relations of the sine, cosine, etc., to each other, may he derived 
from the proportions of the sides of similar triangles. Thus the tri- 
angles CGF, CAI, GDL, being similar, we have, 

■ " ■ arc by ^, 

tang. A ; 



1. GG : 


: CF : GA : 


AI; that is, representin] 


and tlie mdin 


L3 of the circle bj 


' M, CO.. A : «in. A : . 




Wkenoo 


, B Bin. A 
tang. A = -^^;^j[-- 


2. CO : 
.eo. A ; 


: CF : CA 

Whence t 


: CI; that is, cos. A : 
— cfx 


3. OF : 
: cot. A. 


CG : : CD 
Whence 


-. DL; that is, sin. A: 

^ , R COS. A 
cot. A = —. —. 


4. GF : 


CF : : CD 


■ CL; that is, sin. A 




Whence e 


-^-eS- 


6. AI : 
: cot. A. 


AC : : CD 


: DL ; that is, tang. A 




Whence tan. A = -^. 
eot. A 



Also in the right-angled triangle CGF, vie find CG^ + GF^ ~ 
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CF^ ; that ia, sin. M + cos. ^A = S^; or, the square of the sine of an 
arc, together with the square of its cosine, is equal to the square of the 
radius ; 

Hence sin. A ^r=: ± -[/E 2 — cos. ^A, 
And COS. A — ± V-R ^ — sin. ^A. 
Postulates. 
Let it be granted : 

1. That a straight line may be drawn from any one point to any other 
point. 

2. That a terminated straight line may be produced to any length in 
a straight line. 

3. And that a. circle may be described from any center, and with 
any radius. 

4. That no part of the circumference of a circle is straight. 

5. That it is possible to find a straight line equal in length to the 
circumference of a given circle. 

6. That it ia possible to find a common measure between the side 
and diagonal of a square in integers to infinity. 

7. That it is possible to inscribe in any circle a polygon with any 
given number of sides expressed by 2" -}' ^i provided, 2° -|- 1 is a 
prime number. 

Axioms. 

1. Things which are equal to the same thing are equal to one an- 

2. If equals be added to equals the wholes will be equal. 

3. If equals be taken from equals the remainders are equal. 

4. If equals be added to unequals the wholes will be unequal. 

5. If equals be taken from unequals the remainders will be unequal. 

6. Things which are double of the same thing ate equal to one an- 

7. Things which are halves of the same thing are equal to one 
another. 

8. Magnitudes which eoincide with one another, that is, which ex- 
actly fill the same space are equal to one another. 

9. The whole is greater than its part, 

10. Two straight lines can not inclose a space. 

11. All right angles are equal to one another. 
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12. If a straight line meet two straight lines, so as to make the two 
interior angles on the same side of it taken together less than two 
right angles, these straight lines being continually pvodueed, shall at 
length meet on that side on which are the anglea which are less than 
two right angles. 

Articles. 

1. The double of the eosiae or secant is the constantly assumed 
diameter, 

2. The sum of the sines or tangents is the constantly assumed cir- 
cumference. 

3. The sine is a mean proportion between the double of the cosine 
and the second tangent. 

4. The second tangent is a mean proportional between the double of 
the second secant and the third tangent, etc,, etc., etc. 

5. The rectangle contained by the sine and cosine is eijual to the 
area of the inscribed double triangle. 

6. The rectangle contained by the radius and the tangent is equal 
to the area of the circumscribed double triangle. 

7. The rectangle contained by the radius and the sine is a mean pro- 
portional between the inscribed and circumscribed double triangles 
of "half the number of sides. 

8. The rectangle contained by the inscribed double triangle and the 
number of sides of the entire polygon is equal to the area of the in- 
scribed polygon. 

9. The rectangle contained by the circumscribed double triangle and 
the number of sides of the entire polygon is equal to the area of the 

ircumscribed polygon. 

10. The rectangle contained by the rectangle of the, radius and the 
nd the number of sides contained in the given polygon, is equal 

to the area of the entire inscribed polygon of double the number of 

Signs, 
The following are the principal signs employed : 
The Bign of Addition, -\- , called phts : 
Thus, i + £, indicates that B is to be added to A. 
The Sign af Sublraclion,, — , called minus : 
Thus, A — B, indicates that B is to be aubstracted from A. 
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The Sign of Multiplication, X : 

Thus, A yi £, indicates that A is to be multiplied liy if. 

The Sign of Division, -^ : 

Thua, A -^- £, or, -j^, indicates that A is to be di¥ided hy B. 

The Exponential Sign : 

Thus, A% indicates that A is to he taken three times as a factor, or 
raised to the third power. 

The Radical Sign, y" : 

Thus, V A, vB, indicate that the square root of A, and the cube 
root of B, are to be taken. 

When a compound quantity is to be operated upon as a single quan- 
tity, its parts are connected by a vinculum or by a parenthesis : 

Thus, A -\- B X G, indicates tliat the sum of j1 and B is to be mul- 
tiplied by C; and (^ + £) -^ C, indicates that the sum of A and B 
is to be divided by C. 

A number written before a quantity, shows how many times it is to 
be taken. 

Thus, Z{A + B), indicates that the sum of .A and B is to be taken 
three times. 

The Sign of Equality = : 

Thus, A = B-\- C, indicates that A is equal to the sum of B and C, 

The expression, A^ B -^ C, is called an equation. The part on 
the left of the sign of equality, is called the fist member ; that on the 
right, the second member. 

The Sign of Inequality/, <: 

Thus, VA < ^B, indicates that the square root of A ia less than 
the cube root of B. The opening of the sign is towards the greater 
quantity. 

The sign, .•■ is used as an abbroviatioa of the word hence, or con- 
sequenth). 

The general truths of Geometry are deduced by a course of log- 
ical reasoning, the premises being definitions and principles previously 
established. The course of reasoning employed in establishing any 
truth or principle, ia called a demomCralion. 
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PROPOSITION 1. THEOREM. 



Proposition 1. Theorem. 



In any right-angled triangle, the square which is described on the dde 
itihtending lite right angle is equal to the sum of the squares described on 
the side which contains the right angle. 

Let ABChe a right-.ingled triangle, Wviog the right angle BAG; 
the square described on the side BCshall be equal to the sum of the 
squares described on SA, AC. See Plate 4 Fig. 1, 

On BC describe the square BDEC, and on BA, AC describe the 
squares GB, HC; Todhnnter's Budid, [1.4fi,] 

through A draw AL parallel to BB or CU; [1-31,] 

and join AB, BC. 

Then, because the angle B AC is a right angle, lllypoHesis,'] 

and that the angle BAG is also a right angle, [DefinUion 30,] 

the two straight lines AC, AG, on the opposite sides of AB, make with 
it at the point A the adjacent angles equal to two right angles; there- 
fore CA is in the same straight line with AG. [1.14.] 

For the same reason, AB and ^ff are in the same straight line. 

Now tlie angle BBC is equal to the angle FBA, for each of them is 
a right angle. [jliioni 11.] 

Add to each the angle ABC. Therefore the whole angle DBA is 
equal to the whole angle FBC. [^mom 2.] 

And because the two sides AB, BD are equal to the two sides FB, B C, 
each to each ; [Definiiian 30,] 

and the angle DBA is equal to the angle FBC; therefore the triangle 
ABD is equal to the triangle FBC. [1.4.] 

Now the parallelogram BL is double of the triangle ABD, because 
they are on the same base BD, and between the same parallels 
BD, AL. iiAi.-\ 

And the square GB is double of the triangle FBC, because they are 
on the same base FB, and between the same parallels FB, GC, [1.41.] 
Bat the doubles of equals are equal to one another; [Aeu>m6.] 

Therefore the parallelogram BL is equal to the square GB. 

In the same manner, by joining AE, BK, it can be shown that the 
parallelogram CL is equal to the square CIL 

Therefore the whole square BDEG is equal to the two squares 
GB,HC lAziom%-\ 

And the square BDEC is described on BC, and the sq^uares GB, HC 
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on BA, AC. Therefore the square described on the side BC'is equal 
to the squares described on the aides BA, AG. 

COEALLARY 1. Let i-BCC be a Square, and jl (7 its diagonal ; thetri- 
angle ^£Cbeing right-angled and isocelea, we hav^ AC^—AB^+BC^ 
==2ABK 

Therefore, the i^^uare de$cribed on the d/iagonal of a squwre, u double 
of the square described on the side. 

If we extract the square root of each member of this equation, we 
shall have 

AB^/i^AC; or AB : AG : : 1 : i/2. 
See Plate 4 Fig. 2. 

Peoposition 2. Thboeem. 

Argument 1. If ten (10) right angled tinng!e« the base, perpen- 
dicular, and hjpothenuse of whicb are respectively three (3), four 
(4), and five (5), be placed so ib to form a polygon of fi\e sides and a 
little more, that is to say, with all their bises outwards, ind the per- 
pendiculiir of one triangle joined to the perpendicular of another, so 
that they shall touch one another in those points which contain the 
right angles, and also in tho>.e points, which form the vertifle angles, 
so that any two of the bases when taken tr gether shall be equal to six ; 
and the hypothenuse of each triangle joined to the hjpothenuse of an- 
other triangle, so that the vertical angles, that la the aUi^les opposite 
the bases shall form a common center, then there will be a lap equal to the 
one-fiftieth of the circumference of the whole polygon. See Plate 5 Pig. 1. 
For, because the straight lines AC, CD, are tangents to the radius BC, 
therefore they are both in the same straight line, and the radius BC 
is a perpendicular to them. For the same reason the straight linos 
DS, EF are in the same straight line, and the radius BE is a perpen- 
dicular to them, also FG, GIT, and BG. HZ, IJ, and BI. JK, KZ,and 
BE. [Hypolhfais.'] 

Again, because the radius BC is perpendicular to the straight lice 
AD, therefore, the angles BCD and BCA are both right angles ; for 
the same reason 5SD and BEF are right angles, as also BGJ'and 
BGH, BIH, and BIJ, BEJunA BKZ. [Jlypothms.^ 

Again, because the angles ADF, DFH, FHJ, HJZ are inscribed in 
an arc which is less than a semicircle, therefore they arc greater than 
a right angle. [iTypoiAesja.] 
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Now let the right-angled triangles BOA and BCD, BED, and BEF, 
BGF, and BGH, etc., etc., be the given polygon, and let two circles 
be drawn around the center B; one with a radius oS four or BG, and 
the other with a radius oi jive or BD; so that the first circle shall pass 
through the points which form the right angles, namely, CEGIK, and 
the second through the points at the other extremity of the bases, 
namely, ADFHJZ; then if a straight line starting at the point Z 
shall be made to pass around the polygon, changing its direction at 
every point where it intercepts the circle whose radius is five, so that 
it shall not at any time pass beyond it, nor at any time come within 
the circle whose radius in four, this straight line, if continued in this 
manner till it is applied exactly forty-nine times, will return to the point 
j1, from whence it first started ; thus forming a lap equal to the one- 
fiftieth of the whole polygon, and the circle so formed hy the intersec- 
tion of these lines, which wilt have a radius of foar, mil be exactly 
forty-nine fiftieths of the entire polygon, or exactly one-fiftieth less than 
the polygon contained within the given circle. See Plate 5 Fig. 2. 
Therefore .42=^ Jjth of entire polygon = ^ of the entire circle. Chn- 
iequently, 

If from the mimher of sides of the above polygon -^th he deducted, the 
square root of'the remaining ^ can he extracted exactly j thus 50 — 1 
= 49, and the \/lS = 7 ; and if from the sum of the squares of the 
two sides of any square expressed- in integers the one-fiftieth be de- 
ducted, the square root of the remaining fwty-nine fiftieths can he ex- 
tracted exactly. 

Demonstration. 

Let 5 be the side of the given square 5 X 5 = 25, which multiplied 
by two gives 50, then 50 — 1 = 49 and the i/"49— 7 ; 

Again, let the side of the given square he 1, then 1X1^1, which 
doubled, gives 2 ; the -^th of 2 = ^g or .04 and 2.00 — .04 = 1.96, 
and the VTM = 1.4 or 1| = | QED. 

CoRALLARY 1, If the -^/jth part of the sums of the squares of 
the two sides of any square he added thereto, the square root of the suin 
can be extracted exactly. 

Demonstration . 

Let 1 be the side of the given square, then 1 X 1 = li which mul- 
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tiplied by 2 = 2, the -^^ of 2 = ^^ or ^'a^; then 2 + ^5 = 
If^J aad the Vmi = fl ^-S^- 

PaoposiTiON 3. Theorem. 

Akoument 1. If a circle be described with the square root of two 

for a radius, and the one-Jiftieth of the square described upon the radius 

be deducted therefrom, the square root of the remaining forty-nine 

fiftieths can be extracted. exactly. 

2. The square root of the ^ bo deducted will be the sine of the 
given arc. 

3. The square root of the remaining -^g will be the cosine of the 

Eor, let the straight line fh, fm, Plate 6, Fig. 1 and 2 he the given 
radius, and ADBG the given circle, whose arc is A, and let the straight 
lines gh, ge, Im, In, be the sine of the given are, then will the straight 
liiie_^,^, he the cosine of the given arc A ; 

Put R 3^ radius of circle, whose arc ia A, 

Put sin. = sine A, 

Then by trigonometry : 

R^—Bva. ^2 = cos. ^2a„a i2= — cos. A'^ = sm. A'^; 

Consequently, cos. A^ -j- sin. A ^ ^3; E,^. 

Substituting the numbers, we have (1/2)' = 2, and ^ of 2 = ^ = 
^s ^ .04. Then 2.00 — .04 = 1.96, and the VIM = 1.4 = 1^ or |, 
which equals the cosine of the given arc, and 2.00 — 1,96 =^ .04, and 
the l/.Oi =: .2 or ^, which equals the sine of the given arc. 

Augument 4. Now, if the cosine of the given arc | be multiplied 
by two, it will be J^, which is very near though not quite the true 
diameter ; and if the sine of the given arc ^ be multiplied by two it 
will be |, which is very near though not quite the ^ part of true cir- 
cumference being the chord of twice the arc, whose sine ia very near 
though not quite the -^ part of the true cireumference. If then we 
assume Jj* to he the true diameter and ^^ to be the true circumference 
of the given circle, and they are very near it, then dividing the cir- 
cumference -^ by the diameter J^*-, wo have, by cancellation, -5 - -;- -v- 
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44 ^ 22 
=s=--X — = -„-, which is equal to 3.142857 or 31; which ia the true 

$ ^ JM 7 ' ^ _ . . 

ratio of the circumfereace to the diameter of any given circle. 

Consequently, 

If the double of the cosine of an arc of any given circle, the sine of 
which is ohtainod by extracting the square root of the one-jiftieih of 
the square described upoa the radiua of the saiue circle, and the cosine 
by extracting the square root of the remaining forty nine fiftieths, be 
divided into the sum of the sines, in which case the cos. : sin. ; : 
7 ; 1, then the ratio will he the same as the ratio between the true 

circumference and the true diameter of the given circle, viz,: 3.142857 
orSf 

Demonstration, 
liet fhjfm, be the radius of the given circle, and gh, gt, or Im, fc, the 
sine of the given arc .d, then win_^,_^, be the eoaine of the same arc. 
See Fig. 1 and 2 Plate 6. 

Put fi ^= radius of the given circle 

and sin. = sine of the given arc, 

and cos. ^ cosine of the given are, 
then R^ — sin. * = cos. ^ Consequently the angles f3h,fi'm,fge,fln, 
are both right angles, therefore the straight lines hg, ge; ml, In, are 
both in the same straight line. 

Again, the line gh, hn, is equal to the line ge, In, each being the sine 
of the given arc A, and oae-half the chord of double the are A, there- 
fore the straight line he is double the sine of the arc A, for the same 
reason the chord, which is the base of the double triaBgle_/"l, is double 
the sine of the arc A, so also are the chords which are the bases of 
the double triangIes/2,/3, et«., etc.,/22 double the sine of the arc 
A, and each of the chords is assumed to he the ^ part of the whole 
circumference; also the cosine f g in equal to the cosine f 1, f2, 
etc., etc.,/22 and each of them is equal to the one-half of the assumed 
diameter, therefore the chord |x22 = ^ = the assumed circumfer- 
ence and the cosine | X 2 =^ = the assumed diameter. Then, di- 
viding the assumed circumference ^ by the assumed diameter -L4., we 

have by caneellation^--f-?.-:^~X j^^~ = 3. 142857 or 3f the 
true ratio of the circumference to the diameter of any given circle. 
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Consequently, Cor. 1, if the double of the secant be assumed for tlie true 
diameter, instead of the double of the cosine, and the sum of the tan- 
gents be assumed for the true circumfereace, instead of the sum of the 
sinea, the ratio will be the same as the ratio between the double of the 
cosine and tlie sum of the sines, that is it will be the same as the ratio 

between the true circumference and true diameter, that is 3.142857 

Proposition 4. Theoeem. 

To Find a Mean Proportional Betvieen Two Given Straight Lines. 

Lot AB, BC he two given straight lines; it is required to find a 
mean proportional between them. Pla«e AB, BC in a straight line, 
and on ^C describe the semicircle ^PC; from the point B draw .B-D 
at right angles to AC. See Plate 7 Pig. 1. [I.ll.] 

BD, shall be a mean proportional between AB and BC. 

Join AD, DC. Then the angle .diX? being in a semicircle is a right 
angle; [/J-/.31,] 

and because in the right-angled triangle ADC, DB is drawn from the 
right angle perpendicular to the base, therefore DB is a mean propor- 
tional between AB, BC, and the segments of the base. [T/.S, Coyoilary.'] 
Wherefore between the two given straight Jines AB, BC, a mean propor- 
tional DB is found. 

Peopositiom 5. Theokem. 

In a right-angled triangle, if a perpendicular he dravmfrom, the right 
anffle to the hose, the triangles on each side of it are sttmlar to the whole 
triangle and to each other. See Plate 7 Fig. 1. 

Let DA C be a right-angled triangle, having the right angle ABC, 
and from the point D let DB be drawn perpendicular to the base AC, 
the triangles BAD, DBC, shall be similar to the whole triangle DA G 
and to one another. 

For, the angle ADGia equal to the angle ABD, each of them being 
a right angle, [Axitmi 11.] 

and the angle at A is common to the two triangles DAC, BAD, there- 
fore the remaining angle DCA is equal to the remaining angle .B-D^; 
therefore the triangle CjIC is equiangular to the triangle ii.dZ), and 
the sides about their equal angles proportionals ; therefore the tri- 
angles are similar. _VI. 4. [Definition 1.] 
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In the same manner it may be shown that the triangle BAD to the 
triangle DAG are similar to eaeh other. 

Wherefore in a right-angled triangle, etc., QED. 

Gorallary from this it is manifest that the perpendicular drawn 
from the right-angle of a right-angled triangle to the haso, is o mean 
proportional between the segments of the base, and also that each of 
the sides is a mean proportional between the base and the segment of 
the base adjacent to that side. 

For in the triangles BAD, BDC, AB is to BD as BD is to 
BC; iVI. 4.] 

And in the triangles DAC, BAD, AC h to AD as U, AD is to 

AB; [F/. 4.] 

and in the triangles DAC, BDC, AC is to CD as CD is to 

CB. IVL 4.] 

Proposition 6. Theorem. 

If iJiree straight lines be proportionals, the rectangle contained hy the 
extremes is equal to the square on the mean; and if the rectangle con- 
tained hy the extremes is equal to the square on the mean, the three 
straight lines are proportionals. 

See Plate 7 Mg. 2. 

Let the three straight lines ABChe proportionals, namely: let A 
bo to .B as 5 is to C; the rectangle contained by A and C shall be 
equal to the square on B. Take D equal to S. Then, because A is 
to -B as 5 is to C, IHypothesU.I 

and that B is equal to Z>; therefore j1 is to £ as J9 is to C. [F. 7.] 
But if four straight lines be proportionals, the rectangle contained hy 
the extremes is equal to the rectangle contained by the means ; [fJ. 16.] 
therefore the rectangle contained hy A and Cis equal to the rectangle 
contained by B and D. See Plate 7 Fig. 3 and 4. But the rec- 
tangle by B and D is the square on B, because B is equal 
to D ; IGnish'ucl'um.'] 

therefore the rectangle contained by A and G is equal to the square 
on B. Nest, let the rectangle contained hy A and G be equal to the 
square oa B ; A shall be to B as B is to C. For, let the same con- 
struction be made, then, because the rectangle contained by A and 
Cis equal to the square on B, IHypolhesis.'] 

and that the square on B is equal to the rectangle contained by B and 
D, because B is equal to D ', 
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therefore the rectaDgle contained by A and G is equal to the rec- 
tangle contained hy B and D; but if the rectangle contained by the 
extremes be eqniil to the rectangle contained by the means, the four 
straight linea are proportionals; [VL 16.] 

therefore A is to ii as 2> is to C. 

Bat B is equal to I>; [Comtruclion.l 

Therefore ^ ia to ^ as £ is to C. [F.7.] 

Wherefore if three straight lines, etc., QED. 

QUADRATURE OP THE CIRCLE. 

Case 1. 

Jii which the Inscribed and Circumscrihed Polr/gons are Carried to 

22 Sides. 

It is required to find the quadrature of the circle, that is when the 
radius is knowa it is required to find a straight line (in terms of the 
given radius) which shall be equal in length to the circumference of 
the given circle. {FOatalate 5.] 

For this purpose let the square root of two be taken for the given ra- 
dius /A, fm, and with this radius describe the given circle ADBC. 

[Poadiiafe 3.] 
See Plate 6 Fig. 1 and 2, Then let the square ABCD be inscribed in 
the given circle, the side of the inscribed square will be two and the 
area/ow. iHypoih^s.-] 

For if each of the aides of the inscribed square ABCD be bisected the 
whole square will be divided into four smaller squares, each of the sides 
of which as well as their respoctive areas will be equal to one, conse- 
quently they will be equal to one another. [Axiom 1.] 

Then, by (Propobition 1, Coa.), the diagonals of each of the smaller 
squares will bo equal to the square root of two. But the radius of the 
given circle la equal to the square root of two, consequently the di- 
agonals of each of the smaller inscribed squares is equal to the radius 
of the given circle. [Axiom 1.] 

Again, all the radii are equal and each is half tho diameter ; [DefinitionS.'\ 
therefore the diameter of the given circle is twice the square root of 
two, or the square root of eight, and it is equal to the diagonal of tho 
square whose side is equal to the side of the inscribed square. For 
the half of the diameter of the given circle is the |/2, and the half of 
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the side of the inscribed square is 1, consequently, hy (Theorem 1, 
Cor,), the side of aay square is to its diagonal as 1 : -(/2 J {Aziom 7.} 
therefore the one half of the side of the insefibed square is the side 
of a square whose diagonal is the square root of two, which ia equal to 
the radius of the circle or half the diameter. 

Now, by (Proposition 2), the sine of the given are is the square 
root of the ^th of the square described upon the radius, and the co- 
sine of the given arc is the square root of the remaining |g. For, 
by irigonomei-ry, JJ^ — Hin.* = cos.=, and R^ — cos? = ma? = coas^- 
quentiy eos.^ + sin.s = E?. Substituting the numbers we have 
(,/2)= = 2.00 and^of 2 = ^ = ^ = .04 = and the |/li^2 or 
-\ = sine of the given arc ; and 2,00— .04 = 1.96 and the y'lM = 1.4 
==l|or |^ = cosine of the given are. 

Again, if the side of the small inscribed squai-e, which is equal to 
1, be divided into five equal parts each part is equal to ^, which is 
equal to the sine of the given arc ; and seven of the same parts ia 
equal to |, which is equal to the cosine of the given are ; consequently 
(1)2 = jij. and (i)= = ^, then ^ + f| = f ^ which is equal to the 
square described upon the radius; and the|/To ;= j/g whi eh is equal to 
the radius. Now, by Theorem 3, the sine ^ is not quite though very 
near the ^th part of the entire eircumferenee ; and the cosine | is not 
quit* though very near ^ the entire diameter ; therefore J X 44 = *g* ^ 
the assumed eircumferenee ; and | X 2 = ^ = the assumed diameter ; 
then, dividing the assumed circumference by the assumed diameter, we 

have by cancellation ^~^=^X^--Y^^-^^^^" °'" ^*= 
the true ratio between the assumed circumference and the assumed 
. diameter of the given circle. 

Again, the cosine of the given arc is ^, and the sine of the given arc 
is \, then, 6y trigonometry, cos. : sine : : E : tang. Substituting the 
numbers we have cos. I : sin. \ : : radius i/2 : ; tan, ^ y'2, for J X 

_1_ 1„71_ 

1/2=51/2; then, by division and cancel!ation,gy'2-^g = g-|/2 X 

8 1 _ 

- =^ = 1/2 = tangent of the given arc. 

Again, by trigonometry^ Ji^ -j- tan.^ = seo.^. Substituting the numbers 
we have rad. (1/2)' = 2 and tang. (|i/2) * = ?V. *!'«» 2 + ^ = ^ 
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and the l/^ = Y^l-*l*2857, or=;1.4| = Becant of the given arc. 
^^=1.4^; cosine of the given arc. J ^.2^: Bine of the given arc. 
^|/2 — .2020305089 = taugent of the given arc. 

Again, the side of the inacrihed square being divided into five parts, 
by applying the sine to it as a common measure each part is expressed 
by i ; then i X ^ = ^; ^^ ^^^ ^^^^ of tl*^ square which is to be the first 
unit of superficial measure for tlie circle. 

For, by Article 6, the area of the circumscribed double trinngle fPE, 
/ PE is equal to the product of the radius and the tangent ; thus, ra- 
dius ^/g X tangent -J-y^gr^^; and, by Article 9, the area of the entire 
eireumaoribed polygon is equal to the product of the eircumsorihed 
double triangle, and the number of sides contained in the given poly- 
gon ; thus ^ X 22 ^; 4^ ;= 6|- the area required. 

Now^-1-^X- "" 

^°^> T ^ 25 - 7 ^ 1 

the entire circumscribed polygon 

that is, there is 157^ blocks each of which is equal in area to Jj, QED. 

Case 2. 

In which the Jmcrihed and Circumscribed Polygons are Carried to 311^ 
Sides. 
By Case 1, the sine is i and the double of the cosine is ^f, and, by 
Article 3, the sine is a mean proportional between the double of the 
cosine and the tangent No. 2. For, by (Propobitioks 4 and 5), 
sin. (1)^ = j'g, and cos. | X 2 ;= l^, then, by division and cancellation, 

m'^T^'f$^U""^^ ^^"^^""^ ^*'' ^' ^^^ Proposition 6), 
the rectangle contained by the double of the cosine and the tangent 
No. 2 is equal to the rectangle contained by the square described up- 
on the sine of the given arc. 

For put double cosine = A 

and put sine = B 

and put tangent No, 2 = (7 

Then, by proportion, we have A : B : : B : C; then A X C= B 
X -B ^ (A X C= B^), consequently, JP-i-A=C. Substituting the 



y Google 



QDADRATURE OF THE CIRCLE. 85 

numbers we Iiave by division and cancellation -i- X irr =^ :r- ^u^ (.\y 
■" 5 P 2o ^*' 

= ii oomeinmll, ^ + " = ^ X n = 4 = tag™' No. 2. 

By trigonomelry, R^ -\- tang, ^ = sec, ^. Substituting tlie num- 

bcr.,whaveflC/2)^ = 2; T^i,)^ ^^^. Then,2+ j^^^gJ-J 

^ . , /9801 ,99 , x-r o 

= secant sequare ; extracting the VjoTiTj we have =jr =^ secant iNo. iJ. 

7 98 
By Case 1, the cosine e ~ stt ! and, by Case 2, the secant No, 2 — 

99 99 98 1 1 

L^; then=^ — ^rrr^^ir;: therefore ^^ has been added to the cosine, 

70' 70 70 70' 70 ' 

the assumed radius; aiid -- to the aasumed diameter. Now, by hy- 
pothesis, the circumference of a circle is to the diameter as 3^ is to 1 ; 
therefore 3^ times — must be added to the assumed circumference; 

By (hse 1, the sine of the given are is -; and, by Case 2, the tan- 
gent of the given arc is =jr ; then, dividing the sine by the tangent, we 

1 1 1 S0 
have by cancellation K'^7(i = 5XT- = 14- Therefore the sine has 

been divided into 14 equal parts, each of which is equal to the tangent 
of — -, Now, by Case 1, there were 22 sides to the given polygon, each 

.,^=. _ x/ 99 _ .—_ __. 
eis, -1 must be added to the circumference to complete the polygon; 
then -5j^ "I" It ft ^^ „-■ ■ ■ =: the circumference of the polygon No. 2. 

By Article 1, the double of the secant is the constantly assumed 
diameter, and, by Article 2, the sum of the s" 
constantly a 
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99 99 108 

By Case 2, the secant is ^, then — X 2 = ^ ; = the asaumod 

diameter. 

Then, dividing the assumed cireomferenee by the assumed diameter, 
_622|^J0_^ 6221^4356 
70 ~ _ _ . . 

= ^ =3.142857, or 3^, the true ratio between circumferetiee and di- 
ameter of the circle. 

Tlien, by trigonometry, see.^ : tang.^ : : R^ : sin. 2. 

By Case 2, the secant is ^; the tangent ^; and the radius y'2_ 

Then, i^y = lie ; and ^^y = ^^ ; and (^^2)= = 2 ; and by pro- 
portion l^gj ■ Won '■ '■ ^ '■ '■ sfsr- 

^°^' dQiiA X 2 = TKKR I then, by division and cancellation, we have 

2 9801 2 ^>000 2 ^ ^. ^, 

49OO^W = ^000^98ri = 9guI' ^^^'-^'^t'^S *« ^^"-"^^^ *■''<'* ^<^ 

^^"^ "V^Mi '^9^^^ = siue No. 2; agam, by trigonometry, li" — 



Then, by subtiaetion, ^jj^- — tt^jt— ¥ffOi^ J extracting the square 
root l^J^^ we have .^ = cosine No. 2. 

Now, by Article 5, the rectangle contained by the sine and the cosine, 
is equal to area of the inscribed double triangle: 
„, 140 1 ,_ 140 _ 
^'^'^^ -99- X 99^2=9801^2. 

And, by Artici-e 6, (he rectangle contained by llie radius and the tan- 
gent, is equal to the area of the circumscribed double triangle; 

Then, by Article 7, the rectangle contained by the raditis and the 
sine, is a mean proportional between the inscribed and circumscribed 
double triangles of half the number of sides; 

Thus gg^ 1/2 X p 1/2 = by cancellation, = ^g^ ; extracting the 
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2 


angle for double the d 


lumber of 


And, again, |/2Xc 


S 1/2 = 1 
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the area of the inscribed double tri- 

aides. 

'- = area of inscribed double triangle. 

By Article 10, ihc rectangle contained hy the rectangle of the ra- 
dius and the sine, and the number of sides cmitainedinihe given polygon ; 
is e^al to the area of the entire inscribed poli/gon of double the number 
of sides. 

For, by Case 2, the number of sides contained by the given polygon 

2 2 

is 311|, and the rectangle of the radius and tho sine is ^ ; then —X 

„.,1 6223. 4356 



"693 



and (-[/'j,y = 2 ; then y -: 



3.i42857, or 3|, which is the true ratio of the circumference to the di- 
ameter of the given circle. 

Again, by Article 8, the rectangle contained by the inscribed double 
triangle, and the number of sides is equal to the area of the entire in- 
scribed polygon. For ^ ^/a X 311 J = ^^ = area of the inscribed 
polygon. 

And, by ARTICLE 9, ike rectangle contained by the double circum- 
icrihed triangle and the number of sides, is equal to the area of the entire 
„ 1 .- „,,1 31U ,_ 2178 _,_ 
-.bed polygon. For ^q l/2 X311^ = ^>/2 =lgol/2. 



Again, 

21346578 _._ 21344400 _ 2178 

4802490 ^^' 4802490 '^^^^"4802490"" 2205 '' 
Which is the difference between the areas of the circumscribed and 
inscribed polygons of the given circle whose radius is the square root 
of 2. 
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Tangent of the given arc ^ = .0142867 +. 
Sine of the given arc -jV l/2 = .0142849 +. 

Cosine of the given arc ^^^j/g = 1.4141414 -f-. 
Radius of the given arc y'g = 1.4142135 -f. 
Secant of the given arc ^ =1.4142857+. 

By Cme 2, the tangent is =^; consequently, the square which forms 

the unit of oompariaon is (1^5)* = Tqi^- 

Again, by Ca»e 2, the rectangle contained by the radios and the 
2 2 622S 

sine is ^g; and the number of sides 311iJ; therefore ^^ X 3114 ^'oq 

4356 44 ^ ,..,.:, , i^T 44 1 

"^ "693 ^ y = ^"^^^ "^ *^^ insenbod polygon. Now, y -§- jg^^^ 

^X ^^ ^^^^ =30800 ; therefore there are exactly 30800 squares 

in the given polygon, each of which is expressed by joj^ ; then 

jlj X 30800 = ™^ = r = 6| = "O" "f a. veiled poljgoa. 

Case 3. 

In which the Inscribed and Circumscribed Polygons are Carried to 

61606| — 31 = 6I6O31 Sides. 

By Case 1, the tangent is =^; and the secant is ^. Then, by Ar- 
ticle 3 and (Pbopobitions 4 and 5), tangent (-,'5)2 — — and sec. (f |) 
X2 = ™ Then, bj divi.ion »d c.ncolMon, jlg -h ^ = ^^ 

XbI = 13S60 = '"1'»"'°'''- 

By (PuOPOsiTlON 6) and Article 4, the rectangle contained by fke 
douhle of the secant No. 2 ewid tangent No. 3, i» equal to the rectangle 
contained by the square described on tangent No. 2. 

For, put double of secant = A ; 

and tangent No. 2 = B; 

and tangent No. 3 = C. 
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QUADRATURE OF THE CIRCLE. 89 

Then, by proportion, wo have 
A : B : : B : C; th&n A X C=^BX£ = <iAX C=B^). Subati- 

tutiog the numbers we have, by division and cancellatiOD,—- X _^^ .^ 

By trigonom.etry, S^ -|- tan. ^^^eeis. ', substituting the numbers we 
have «(|/2)'=2i T(,Tin)' lagoLoO ' ""'° ' ^ + 1 920 99600 = 
384199201 . , , /384199201 19601 

192099600 - "'"°"°8 "" «!»■'« '"'■ »' '""'' -\l l92099600 = l8860 

^^ secant No. 3. 

99 19602 
By Case 2, secaot No. 2 ^= =« = :.-^5;;7; ; and by Cose 3, secant No. 3, 



70 138(50' 
19601 19602 19601 1 1 

-13860' *''^'' 13860 "13860 -13860' '''^■"^^'^''^ 13860 



-- ; therefore ; 
subtracted from secant No. 2, the assumed radius ; and ■■ ■ - from the 

assumed diameter. Now, by hypothesis, the circumference of a circle 

2 6S 

is to the diameter as 34- is to 1 ; therefore 34 times _„^„ 7, or : ; .m ;: ■,- , 

laaoO l^obO 
must be subtracted from the oircum fere nee. 

By Case 2, the tangent of the giveu arc is =r.-, and, by 6'iwe 3, the 
tangent of the given arc ia ^ 7 ,qS(. i then dividing taagent No. 2 by tan- 



!___ 1 £SW_ 

' 70 " 13860 "~ W ^ 1 "" 



gent No. 3 we have, by cancellation, 

198. Therefore the tangent No. 2 has been divided into 198 equal 

parts, each of which is equal to the 'tangent No. 3, or ToTJTtt;- 

By Case 2, the given polygon was carried to 311^ sides, each of 

which contained two tangents each of =jj ; then =^ X ^^H^^-^Tp =^ 

1232124 61 

; ^'"'i ^y hypothesis, --^a™, must be subtracted from the eir- 

123212'* 6^ 

cumference to complete the given polygon. Then - ^ - ^ ■ ' — ToSeii 

123206^ 
^= ■ .,„„„ ' ^ the circumference of the polygon No. 3. 
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we have by cancellation 
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Bij Article 1, the double of the secant is the constantly assumed di- 
ameter; cwi(i, % Article 2, the sum of the tangents is the constantly as- 
sumed circumference, 

^ ^ „ , -.T « ■ 19601 , 19601 „ 39202 

By a.e 3, the secant No. 3 is ^^g^ ; then ^^^^ X 2 = j^g^ = 

the assumed diameter. 

Tlien, dividing tlie assumed circumferenee by tlie assumed diameter, 
123206 j _ 39202 _ 1232O6| ^$!i00 
13860 ■ 13860 ~ i$Hii 39202 ~ 
1232061 862444 22 „;,„t,-.; ,, ., , .... .. 

39202 = 27iin = T = 3.142867, or 3J tlie true ratio between the 

circumferenee and diameter of the given circle. 

Now, by tri^nometiy, sec' : tang.' : : R' ; sin.', by Case 3, tlie 

secant is , the tangent , and the radius y's. 

, /19601>= 384199201 , / 1 \' 1 j , /-,, „ 

""' lisaeo) = 192099600 "'' lT3860J =152099600""' 'l' 2) =2- 
^ .. I 384199201 1 „ 2 

B, proportion we have jjjSSgsH ■■ I920996OO ' ' ^ ' 3B419920r 

„ V ,■ • • J 1, ,■ I 2 384199201 

For, b, division and cancellation, ,e have 193099600 -^ 192099600 
'> fM00ft01* 2 

X S oiion.nl = 5511055111 : «">*"8 ">c square root. 



~J$2O0M00 384199201 384199201 

"= ''"° ' 384199201 = 19501 l/a = "" »»■ 3- 

Again, by trigonometry, Ji^ — sin.^ = cos.^. 

^ , 768398402 -o, ■ 2 



_, , .^ .. ...o.™. 2 768398400 

Thea, by subtract.on, ggj^g^ggj - 384I992OI ^ 384199201 = 



, /768398400 , 27720 . „ „ 

tracting the square root, -V/ggjjggaoi' ^' ^'^' 19601^''°''"° ^"^ ^^ 
Now, by Article 5, the rectangle contained by the sine and the cosine 

27720 
is equal to the area of the inscribed double triangle; thus iiet i i '^ 

1 27720 

196011''^^ 384199201 '•^^' 
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And, by Article 6, the rectangle contained l>y the radius and the 
tangent, is equal to the area of the cireumscrtbed double triangle j thus 
1 _ 1 

Then, by Article 7, the rectangle contained hy the radius and the 
sine, is a mean proportional between the inscribed and dreumscrihed 
double triangles of half the number of sides; thus, by cancellation 

^'^4^0 _, 1 _ 4 

sm^9m^im^^' ^' '"''' mmm ' '^'''''''''^ '^^ ^^"^'^'^ 

And, again, l/2 X jg^l/2 = ^gg^j = area of inscribed double 

triangle for half the number of aides. 

By Article 10, the rectangle contained hy tlie rectangle of the radius 
and the sine, and the number of sides contained in the given polygon ; is 
equal to the area of the entire inscribed polygon of double the number of 
sides. 

For, by Cbse 3, the number of sides contained by the given polygon 

2 
ia 61603^^, and the rectangle of the radius and sine ia ^aan] > ^^^^ 

2 .-..no, 123206£ 862444 44 , , ,-^, ... 44 

19601 >^ «1««^^ = T%01 ^ 13^ == V """ fl/2^" '■ ^'^^'^ T 
-=- 2 = y = 3.142857, or 3^^, which is the true ratio of the circum- 
ference to the diameter of the given circle. 

Again, by Article 8, the rectangle contained by the inscribed double 
tria/agle and the number of sides, is egual to the area oj ike entire in- 

., , , , 27720 ,„ „-,„„«, 1707639120 ,_ 

scribed polygon; then 3^419920! ^^ ^ ^^^"^^^ 384199201 ^^^ 

And, by Article 9, the rectangle contained by the circumscribed 
double triangle and the number of sides, is equal to the area of the entire 

1 431222 

circumscribed polygon ; thus .■,' 1/2 X 61603^::^ 07090 V^^' 



" 97020 ^ 
431222 
Now, tho area of the eiroumscrihed polygon ia - qitqoa l/2 =^ 

165675147853622 
37275006481020 * 
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165675 U7422400 
37275U06481021) ' 



37275006481020 ^ ^ 37275006481020 ^ 

431222 



. . — -t/n ^^ -r ^ . . „ i/2. which is the difference between 

37275006481020''^ -^ 86440410'^ ^' 

the areas of the circumscribed and inscribed polygons of the given 

circle, whose radius is the square root of two. 

Summary op Case 3. 
Tangent No. 3 = jglgg = .00007215007215. 

Sine No. 3 z= j^l/2 = .00007215007205. 

27720 
Cosine No. 3 = =^^ = 1.41421356237309504. 

Radiua No. 3 = ^/2 = 1.41421356237309504. 
19601 



Secant No. 3 = =^^ = 1.41421356237309504. 

1 _ 

^13860' 



By Case 3, the tangent is ToS^Tii consequently the i 



form, the .-it of oompari.oD i. (13555)'= HJISSMO 

Again, by Case 3, the rectangle contained by the radius and the 

2 2 

sine is Voj-x, - and the number of sides 61603^; therefore ■ ^.^j X 

^,„-^, .123206^ 862444 44 p .t, - -v .> i 

61603|^ 19601 137207 '^y'"'^'' inscribed polygon. 

44 1 44 192099600 8452382400 ,„„„ 

^''^' T^ 192099600 =TX i =—"7 = ^2^^" 

483200; therefore there are exactly 1207483200 squares in the given 

polygon, each of which is expressed by jg^gggg^^ ; then ^^^^^^^^ 

X 1207483200 = ^^^^ =^ = 6^ = area of inscribed polygon 
for double the number of sides. 
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In wMeh the Inscribed and Circumscribed Polygons are Carried lo 
2414966406f — 3^ = 2414966403^ Sides. 

By Owe 3, the tangent is ^^^ and the secant is jg-ggy- And by 

Ahtiole 3 and (Propositions 4 and 5),tang. (jJ-)^ ^m^O 

19601 „ 39202 , , ,. . . 

"'"^ '^"■1^60'^^= mm' *'"' by'^""«">'^ «°<^ eancelktion, we 
1 ___ 392_02 __ 1 m$& _ 1 _ 

''^^ 192099600 ■ 13S60 ~ i9?09P0p0 "^ 392"02 ^ 543339720 ^ 
tangent No. 4. 

Bt/ (Proposition 6) and Aeticlb 4, the rectangle contained hy the 
double of the secant JVb. 3 and tangent No. 4 is equal to the rectangle 
contained by the square described in tangent No. 3. 

For, put double of secant :^A ; 

and tangent tfo. 3 ^B ; 

and tangent No. 4 ^ C; 

Then, by proportion, we have ^ : Ji : : B : :; ihcn AxC=B 
XB^iAxC=By 

Substituting the numbers, we have, by division and cancellation, 

m9$ ., 1 ^ . V „„d / 1 \^_ 1 

13860 5S4?;t?W20 192099600 U3860y 192099600' 

By trigonometry, S^ -j" tang.^ := sec.*, substituting the numbers, we 

, 1 ,2 1 

have rad. (1/2)' = 2. tang. 



^43339720^ ~ 295218051329678400 ' 
1 ___ 590436102659356801 _ 

295218051329678400 ~ 295218061329678400 ' 



then 2 + '>QK»AanKA!>9.c,R7stAiut~ •?ct^■>.^ii^^^^^A9.f^Mfidnl^' e^'i'acting 



, /5 904361 02659356801 768398401 

the square root, we' have AI 2952 18051 329678400 ^ 643JS97rO = 

secant No. 4, 

T, /v , AT o 19601 768398402 , , ^ . 

By Ca.e 3, see. No. 3 = ^,j-^=— ^^3—:; and, by Case 4, see. 



13860 " 543339720 ' 
768398402 768E 
543339720 ' '"^^ 643339720 543339720 ~ 543339720 ' 



768398401 , 76839S402 768398401 
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94 QUADRATURE OF THE CIHCLE. 

therefore > . - ;\ - n :^7T = 7T7T has been subtracted from the assumed radius, and 
543339720 

^ from the assumed diameter. 

Now, by hypothesis, the circumference of a circle is to the diameter 



8 3^ is to 1; therefore 3| times ^ 



543339720' 643339720' 
subtracted from the circumference. 

By Case 3, the tangent of the given arc is yya^jy and, by Case 4, the 
tangent of the given are is K ihoKiaffm ' *^'^''' '^'^'''^ii'g ''i^ tangent No. 
3 by the tangent No. 4, we have by cancellation jggg^ h- 543339725 
= .1^ . X ^'^^^f ^^^** ^ 39202 ; therefore the taogent No. 3 has 
been divided into 39202 equal parts, each of which is equal to the 

By Case 3, the given polygon was carried to 61603| sides, each of 

which contained two tangents, and each tangent was ttts^ ; then 

2 V, dcfoi 1232061 4829932812^ , , . ,, • 

15860 >^ ^^^"^^ = -T386r= 543339720 '• ""^^ ^^ hypothesis, 

T ^^ most be snbtracted from the circumference to complete the 
, 48299328124 6* 482993280G|- , . 

polygon ; then ^43339720 543339720 = 34 3339720 ^ '^^ '''• 

cumfercnce of the polygon No, 4. 

Bi/ Article 1, iJte double of the $ecanl is the constantlt/ asstimeddi- 
ameler ; and, hy Aktiole 2, the mm of the tangents is the constantly 
assumed mrcumference. 

T, ^ . ,, . M ^ ■ 768398401 ^, 768398401 ^^ ^ 

By (hse 4, the secant No. 4 .s 55^,39^ ; then ^^^^^^ X 2 = 



543339720 

Then, dividing the assumed circumference by the assumed diameter, 
„ . 4829932806* 1636796802 4829932806^ 
we have by cancellat-.on 543339720 ^ 543339720 = $0$ ' mn 
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V WW^^0 _ 4829932806| 33809529644 _ - ■ 

^ 158(1796802 ~ 1536796802 10757577614 ' ' ^ 

the true ratio between the oircumfereace and diameter of the given 

Now, by trigonometry, sec.^ : tang.^ : : R^ : S', and, by Case i, the 
^ . 768398401 , ,, , , . 1 j .i. j- - 

'"''''' " 543339720 """^ '^' *""S-t is ^jg^gg^Q and the radiu. m 



i/2. 



/7e8398401y __ 690436102659356801 
U43339720J ~ 295218051329678400 ' 

j.and(/2J'=2. 



" 295218051329678400 
„, ^ . ^ 590436102659356801 1 

Then, by proportion, we have ^^5218051329678400 ■' 2 9521805132- 



9678400 ■ ■ ' 590436102659356801' 

For, by division and eaneelktion, we have g^^gj^gggg^g^ 

590436102659356801 _ 2 $mm$iUHP 

■ 295218051329678400 ~ g0{Sgi:S0^I?^90:tii)*0H 59043610265935- 

iuT = 590436102659356801 ' '^'"'"'''"^ '^' ^^""''^ ^''^'' 

^^ '^"^^ TfiSSufiim 1/2 - sine No. 4. 



\ 590436102659356801- 
Again, by trigonoinetry, R^ — sin.* = cos. 2, 

1180872205318713602 _ „^ , 2 . ^ 

590436102659356801 ~ ' *° 590436102659356801 ~ ^'°' " 

1180872206318713602 2 

ihen, by subtraction, 590436IO26693568OI 690436102659356801 
_ 118087 3205318713600 _ 
~ 590436102659356801 ' 

/ l 18087220531 871 3600 "" 1086 6 79440 _ . jr , 

"V 590436102659356801 ' ^^ ^'^ 768398401 ~ *'^^'"'* **" ' 

Now, by Article 5, the rectangle contained hy the sine awd {he cosine 

is equal to the area of the inscribed double triavgle; thus - ■ r j7. T ; T > T-.-:^^ 
t ■' -■> ' 768398101 

V 1 ,- „ 10866794 40 

-^ 768398401"^^^ " 590436102659356801*^^' 



then, extracting the 
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And, by Article 6, ike rectangle contained hy the radius and the 
(anient is equal to the area of the circumscribed double triangle ; thus 

^^ ^ 543^39720 ^ 543339720^^" 

Tlien, by Article 7, the rectangle contained hy ike radios and the sine, 
IS a mean proportional between the inscribed and circttmiCTibed double 
triangles of half the number of sides; thus, by cancellation, we have 

m^^tm 1 i . 

590436102659356801*^ "^ ^ m$$911tVr ^ 590436102659356801 ' 
extracting the squar 



V59043fJ102659356801 768398401' 

And, again, l/2 X 768398401 >^2 = ^68398401 = ^^^ "'"^ "^ '^'" 
insorihed double triangie for haJf the number of sides. 

By Article 10, the rectangle contained hy the rectangle of the radius 
and the sine, and the number of sides contained in the given polygon ; is 
equal to the area of the inscribed doiible triangle of double the number 
of sides. 

For, by Case 4, the number of sides contained by the given polygon 

is 2414966403|; and the rectangle of the radius and the Bine is 

2 . 2 

768398401 ' ^^ 768398401 
33809529644 44 ,,/-.,.,., 44 „ 22 „:,„o.^ 
5378788807 =T' '"^ <y^'^^' ^^^ -^ ^ 2 = -^- =3.142857, 
or 3^; which is the true ratio of the circumference to the diameter of 
the given circle. 

Again, by Article 8, the rectangle contained hy the inscribed 
double triangle, and the number of sides is equal to the area of the entire 
1086679440 
' 590436102659356801'' 
2624294338586094240 
590436102659356801 '^^' 

And, by Article 9, the rectangle contained hy the circumscribed 
double triangle, and the number of sides is equal to the area of the 

entire drcumseribed polygon; thus fV.i.i ■1071.^ 1/2 X 2414966403^ = 
2414966403' ,_ 16904764822 



inscribed polygon; then ^^^^^^^/g X 24149664034 = 



543339720 ^ - 3803378040 



l/2- 
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2245651706877 783:i57448060040^ 

., , , . 2624294338586094240 ,^ 

Aga.D, the area of the inscribed polygon is 59,j43(ji0265il356801 ^^ 



~ 2245651706877783257448050040 ^^ 

„, , . , 16904764822 

Then, subtracting, we have 22 45651706 W77832574480500 40>^^ =" 

132841346^651568820 V^' ^^^'^'^ '' '^' ^'^'''''"'' ^''"''" '^' ""'' "^ 
the circumscribed and inscribed polygons of the given circle, whose ra- 
dius is the square root of two. 

SuMMAUT, Case 4. 

V .000000000184046916356492398. 



-""& ■ 543339720 

Sine No. 4 is ^-^gg|gj^i/2= 000000000184046916356492398. 



768398401 ' 
Radius No. 4 is 1/2 = 1.41421356237309504. 

= 1.41421356237309504. 
1 
5433397^ 



543339720 
^ (7ase 4, the tangent is and the square, which forms 



the unit of comparison, is [^^^ = ^^ 



295218051329678400' 
Again, by (7ttse 4, the rectangle contained by the radius and the 



< 2414966403' 



33809529644 44 



768398401 ' 768398401 5378788807 7 

area of the inscribed polygon, 

^,.44 1 44 295218051329678400 

7 " 295218051329678400 7 ^ 1 

12989594258505849600 _ 1855555328543692800 ; 
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exactly 1855656322643692800 squares in the given polygon, each of 
which is expressed by 2952i8051329678^0o '' ^^"^ 295218051329678400 

of inscribed polygon for double the number of sides 

Case 5. 

In which the Inscribed and (Xrcnmscribed Polygons are Carried to 
3711312645287385606f — 3| = 37113126452873856031 sides. 

^ ^ , .1 , , . 768398401 

By Case 4, the tangent is gjgggg^ and the secant is 54^5339720- 

By Article 3 and (Propositions 4 and 5), tangent f .; ) 

1 , 768398401,, „ 1536796802 



" 295218051329678400' 643339720 ^ 543339720 ' 

1 
Then, by division and canceJlation, we have - 



$0mm^ 1 „ tangent No. 6. 



^ 1536796802 835002744095575440 
By (Pkoposition 6) and Article 4, we have, by division and 
1 1 



' 543339720 ^ $$$m$tM0$$$UMd 295218051329678400' 
which equals the square on the tangent as above. 

By irigonofnelry, R^ -|- tang,^ = sec.^. Had, = -[/2 ; and tang. =:: 

835002744095575440 "^'^^- «<!«->■«- (l/2)' = 2, -"^ taog. square^ 
1 



697229582647141045327149384731193600' 

Then, adding to the square of the radius and extracting the square 
/ r394459165294282090654298769462387a0i 
"V 697229582647141045327149384731193600 ' ^^ 
_ 1180872205318713601 
"~ 835002744095575440 ' 
768398401 
' 543339720' ^^'°^ "'i'"^"' 835002744095- 



root of the same, 
have secant So. 5 
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wc find that 

836002?44095575440 ''" '"""' '''"'"" f"" "" """""^ "'^™ "" 

83500274^095575440 *»"» "" '"""'' *'"*'■ 

Now, by hypothesis, the circumference of a circle is to tlie diameter 

•■ St i to 1 ; ft„er«pe 835 oo2,4lo95575440 ™=' '» '''"'"'''' ''"'" 
the eireumferenee. 



543339720' 



By Case 4, the tangent of the given 
Co.. 5, tho Lngonl No. 6 » gas- „„„ jMs»7»44n i "■"' 'j ''™°'' 
and cancellation, we have ^ 



835002744095575440 ' 



umnn 1 

796802 ; therefore the tangent No. 4 has heen divided into 1536796802 
equal parts, each of which is equal to tangent No. 5, or SosKAOTTTiiq" 

5575440" 

By Co.se 4, the polygon was carried to 2414966403^ sides, each of 

which contained two tangents, and each tangent was ^ - ; then 

7422625390574771212^ ^ 



<24149664034=*^f^^^^^^. 



543339720 ' 543339720 835002744095575440 

and, by hypothesis, 835O02744Q95 '5-75i40 "^^'^ ^' ^''^'•'^'''^^ f'"'"" *!"« 

- • _ ^. , V X. ■ 74226252905747- 

cireumferenee to complete the polygon, which gives -8 350027440955. 

7_1206|. 
75440 ■ 



; which, by Article 2. is the assumed circumference. 



835002744095575440 

83500274 40^575440 ' ' "' — ^' "• '"' "'^"'"'^ ^'"™'- 

t«r. Then, dividing the assumed circumference by the assumefl di- 
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10(J QUADEATUEE OF THE CIRCLE. 

„ . 74226252905747712064 $$$ttm- 
ameter, we h«ve, by cancellation ^^^^^^^^^^^^^^^^^ X ^^^r^^^ 

M09$$U0^ _ 74226252905747712061 - _ 
410637427202 "2361744410637427202 
the true ratio between tte circumference and diameter of tte given 

Now, by triffonomelr}/, Bee. ^ t tang. ^ : : R^ : sin. ^, and, by Case 5, 

1180872205318713601 , , ^ . 1 

the secant is = 3350 027 44 095 57 5440 ' *"* '^^ '""^ci^t ,« 335555^ 

4095575440 ''^''^^'^^^^^"^^^^^. 

J __ 1394459165294282090654208769462387201 ^ 
^" ^^**' ~ 697229582647141046327149384731193600 ' ^'^^S' 
1 

E.^ = 2 : sin. 2 = 



697229582647141045327149384731193600 
1394459165294282 090654298769462387201 ' *''^'' ^^t''''<^*i''S ^^^ 
sqn.re root, we have, sine No. 5 = n 8 0872 2 oL 187 13601 /^ 2- 
Again, by trigonoinefry, R^ — eiu. ^ = cos, ^; 

2788918330588564181308597538924774402 
1394459165294282090654298769462387201 ~ ' '^"'^ 
2 
1394459165294282090654298769462387201^™''' ^h en subtracting 
the square of the sine from the square of the radius, and extracting 
, ) 2788918330588564181308597538924774400 

e square roo , \ 139445 91 65294282090654298769462387201' ^^ 
1670005488191150880 



have cosine No. 5 = 



Now, by Article 5, cos. 



1180872205318713601' 

1670005488191150880 



1180872205318713601 ^ 118087220- 



F o-. ny-i oan-i l/2t "6 have the area of the inscribed doable triangle = 

16700Q5488191150880 

1394459165294282090654298769462387201^^" 
Aod, by Aeticlb 6, rad. |/2 X 



835002744095575440 83500274- 
-[/2i ^^ ^^V6 t'ls ^""ea of the circumscribed double triangle. 
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1 UP 

W^ ^13944591652942- 



82090654298769462387201 



j/2; by division and cancellation, and ex- 



tr.oti.g Ike .qure ■■°«' V i394459i6529438209065«23876946233T201 ' 
we have the area of the inscribed double triangle for half the number 

"^ ^"^^' ^ 11 808722053187 13601" 

Again, v^ X n go 8722 05 3 187 136 01 ~ 1 1 8087220531 87 13601 1^^' 
By Article 10, and Case 5, the rectangle of the radius and the sine 
X 3711312645287385603f = the number 



1180872205318713601 

_ 7422625290574771206f 
' 1180872205318713601 



1 the given polygon 



(l/2)'=2i then — -i- 2 = — ^3,142857, or 3^, which is the true 
ratio of the circumference to the diameter of the given circle. 

Again, by Aetiolb 8, the inscribed double triangle " ■ • »q -7T c ii i ' e. p, '/ a 
005488191150880 ._ ,^. ,.,,,, , „ ,. 

4li8209065429876946238720 >^2' '""•"P'"'^ ^^ '^^ """^^'' "^ '^' 
sides in the given polygon, 37 1131 26452 87 385 6 03|, is equal to the 
„ , . ., , , 619791248602315197252257308751- 

area of the mscnhed polygon = 139445916529428209065429876946- 
1514480 ._ 
2387201"^^" 

And, by Article 9, the circumscribed double triangle 'Q^r^nfrr 

.^ - ^v^^". - . -. 1/2. multiplied by the number of aides, 37113126452873- 
095576440'^ ^' ' J 

85603^, is equal to the area of the circumscribed polygon ^= 

2597918851701169922 ,_ ^, ., .,. . 

5845019203669028080 1^ ' ««««^1«^»*Iy ^^^ ^^^^ ^^ '"^^ ' 



' 815064060684965813044000977736724847285814034930. 
14457622 -,_- , , ^ ^ . .^ ^ , 3622691753445- 

1604080 ^'^' ""^ *''" areaof the inscribed polygon = 8150^406068 4^ 
49323Q2629624109813668576206049688502758400 ^^_ , , 

658130440009777367248472858140349301604080 ^^' ^"'^'^ ''^*' " 
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25979188517011699222 

8 1506406068496581 304430097773672484728581403493- 

01604080^^ ^ 3137373055 941471 55633890579843041 640^^2- wliiuli 
is the difference between the areas of the circumscrihed and inscribed 
polygons of the given circle, whose radius is the square root of two. 

Summary, Case 5. 

.0000000000000000001- 



^ ^ "■ " = 835002744095575440 
197600854693165860264915019144180288. 



.0000000000000000001- 



118087220531871360K "^ ~ 
197600854693166860264915019144180288. 

„ . ^r ^ ■ 1070005488191150880 , „ .„,«^.,„„„.,„„^„,^„ 
Cosme No. 5 is n8087 2205318713601 ^ 1.4H2I35623730950488. 

01688724209699276. 

Radius No. 5 is i/g = 1.4142135(i23730950488- 

01688724209699276. 

"■ - S^S^I^ =>— — ■ 

01688724209699276. 

Bj Ch.e 5, the tangent is 835002744095575440 ' ""^ '^'" '*1""''' 
which forms the unit of comparison, i. ( 83500274409557644o )' = 



697229582647141045327149384731193600' 

Again, by Case 5, the rectangle contained by the radius and the siue 

Sl80S72205318713601 ' ^^ ^^^ ^^'"''^ ^' '"^' 37113126452873- 
QK«o3i u- I ■ .1. * .1, 1, 7422625290574771206f 

85603^; multiplying these together ^^ have n8(,87aao5318713601 

_ 51958377034023398444 _ 44 
^ 8266105437230995207 ~ 7 ' 

44 ^ 1 44 

""' 7 ' 697229582647141045327149384731193600" 7 ^ 
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QUADRATURE OP THE CIRCLE. 103 

69722958264714104532714938473119^600 __ 306781016364743Q599- 

1 ~ 7 

43945729281172518400 



200; therefore tliere are exactly 4382585948067743713484938989738- 
931200 squares ia the giveu poiygoo, each of which is expressed by 

697239582647141045327149384731193ti00' *^^"' ™"'''Ply'°S ^'^^ 

T. o t. .1. T ^ 1. I. 4382585948- 

number of squares by the value of each square, we have g 57 00 or; 09/; - 

06774371348938989738931200 44 „, ^ ^, ■ ■. , 

— ^ — = 6| = area of the inscribed 



47141045327149384731 1 93600 
polygon for double the number of aides. 



In- which the Inscribed and Circumscribed Polygons are Carried to 
87651718961354874269698779794778624034- &'(fcs. 

By Ga.e 5, the tangent is 3350037440 955 75 440 '""^ '^'' '"'"°* '' 
11808721!0531 8713601 

; and (PROEOSITION8 4 and 5), tang.^ = 

697229582647141045'32714938473l l9360Q "°*^ *^' '^*'"'''" "^'^^ ''"'''^ 
. 23S174441 0637427202 



836002744095575440' 
Then, by division and caneellation, we have 



197206306373463926- 

39844550732991188 80 = *""='"* ^°- ^- 

By (Pboposition 6 and Article 4) and by cancellation, 



■ X 



835002744095575440 -^ !imHiH»1lUmH$W00f>n?ni3:$$$& 

""697229582647141045327149384731193600' """^ *'^^ ^^""^ ^^" 
scribed on the tangent equals the same. (See above.) 

By Case 1, the cosine is ^; then (7)s X 2 — 1 =99. 

Multiplying this by tangent No. 2, we have ^ = secant No. 2. 

By Case 2, the secant ia ^•, then (99)* X 2 — 1 = 19601 
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104 QUADRATURE OF THE CIKCLE. 

Multiplying this by tangenbNo, 3, we have yoSTTTj = secant No. 3. 

° 13860 ' "'""■ ^''■■"'^^" ^ " - 1 = teSZOS^ 
401. 

Multiplying this by tangent No. 4, we have K^o-^qf^ ^= aeoant 
No. 4 

By C«se 4, the secant is Jllim^ ; then (768393401)* X 2 — 

1 = 1180872205318713601. 
„ , . , . , . ^ „ „ ^ 1180872205318713601 

Multiply.Dg tins by tangent No. 5, we have 335 (,027440 95 575440 

=^ secant No. 6. 

„ , , . 1180872205318713601 , „,c-^c-^«^nrr 

By Ca^ 5, the secant is 83500274409 5575440-' '^'^'^ (1180872205- 

318713601)2 X 2 ~ 1 = 2788918330588564181308597538924774401. 
. . , . , ^, „ , 2988918330588564181- 

Multiplymg this by tangent No. 6, we have 1 97 206306373463 92 6 "3- 
308597538924774401 _ 
984455073299118880"^**'"'^ °' ' 

By (ksa 2, the numerator of the secant is 99, and the radius is the 
square root of two. 

Then, by division, we Iiave 1/2 X {7;; = qs 1/2 = sine No. 2. 
By Case 3, the numerator of the secant is 19601. 
Then, by division, we Laye y^g X ^9^^ = i%OT^^ ^ "°^ ^'^' ^' 
By Chse 4, the numerator of the secant is 768398401. 
Then, by division, we have ^2 X ^68398401 ^ 768358401^2 = 
sine No. 4. 

By Cfj-ae 5, the numerator of the secant is 1180872205318713601. 

Then, hy division, we have V^ X 118087220^3 18713601"" 

11808722053187136011^^ ^ ""*' **' ^' 

And, by Case 6, the numerator of the secant is 2788918330588564- 
181308597538924774401. 



yGoosle 



QUADRATURE OF THE CIRCLE. 



Then, by diyision, we have 
-l/2=6meNo.6. 



27889183305885641813085975^89247- 



74401 ^ 

By Qise 2, the sec. is |^, and the square described on the radius is 

70 140 
Thee, by division, we have 2 X 55 ^^ -aq ^^ cosine No. 2. 

By Case 3, the secant Js joggn- 

, ,. . ■ , „ 13860 27720 . ^- „ 

Then, by division, we have 2 X roFKr = Tqcjvf = cosine No. 3. 



i Cam 4, the secant i) 



19601 19601 
768398401 



■- 768398401 768398401 " 
No. 4. 

„ „ . , . 1180872205318713601 

By C«^ 5, the secant is ggg 00374409 5575440- 

, , . . , „ 835002744095575440 1670005- 

Then, by division, we have 2 X ii808722053187 13 601 ^ 1180872: 
488191150880 . „ , 

205318713601 ^''"""^^''■^- 

278891 8330588564 1 813 8597538924- 
And, by Use 6, the secant is 1972063063734639263984456073299- 
774401 
118880" 

3914126127469278.52796891014659823- 
ihen, by division, we have 278891833058856418130859753892477- 

S = cosine No. 6. 
4401 

„ „ . , „ . . 1180872205318713601 278891833- 

B, (hs, 6, the seoanl No. 5 is -JaJpjJJjjgproJio = 197206306- 
0588564181 3085975 38924774402 
3734639263984455073299118880' 

.,,„,, „ „. 27889183305885641813085975. 

And, liy Cote 6, Iha sec.ot No. 6 ,. ]:9y 206306373463926398445 M 
389247744 01 
73299118880' 

''''""''"'"1972063063734639263984456073299118880 '•■■•'«"'' ^i"- 
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106 QUADEATUKK OF THE CIECLB. 

ducted from the assumed radius, anA twice that amount from the 
assumed diameter. 

Therefore, by hypothesis, ^ 97 3 053(1^3^346 39263 984465 07 3299 11 8880 
must be deducted from the circumference te complete the polygon. 
By Case 5, the tangent i. ^350 027 Jo 9557 5440 " 
And, by Case 6, the tangent is 197206306373463926398445507329- 

9118880' 

Then, by division and cancellation, we have 2361744410637427203; 
therefore the tangent No. 5 has been divided into 236174441063742- 
7202 parts, each of which is equal to tangent No. 6. 

By Case 5, tho4)olygon was carried to 37113126452873^603^ sides, 

each of which contained two tangents of 835002744095575440 - 

'^"- 835002744095575440 >< ^^1^^^2645287385603^=g||.||l 
90574771206J _ 175 303437 92 27 0974 85 393 97 5 5 958 95 57 248 12f ^ 
4095575440 ~ 1972063063734639263984455073299118880 ' ^° ' 

by hypothesis, J 972063063734639263984455073299118880 '^''"' ^^ 
subtracted from the circumference to complete the polygon. 

_6^ 



1972063063734639263984455 073299118880 1 97206306- 
1 7530343792270974853939755 9- 



1 97206306373463926398445507- 
58955724806^ p .1. , w c 

"3 299118880 ^ circumference of the polygon No. 6. 

„ „ , ,^ „ 27S891 83305885641 81 308597538924774- 

By Case 6, secant No. 6, i972063063734639263984455073299118- 
401 „ __ 5577836661177128362617195077849548802 _ 
880" ^ ^ " 1972063063734639263984456073299118880 ~ ^^' 

sumed diameter. 

Then, by Articles 1 and 2, dividing the assumed circumference hy 
175303437922709748- 

^ mmmmumm- 
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5333075595895572480 6^ m^0^i!/<^iUM^H$H$lii^$0U^9H^$- 
$$0U4$$0'Si999U$$$0 5677836661177128362617195077849544- 

m_ _ 17530343792 2 7097 48 539397559589557248061 _ 22 __ ■ 
«U2 "^ 5577836661177128362617195077849544802 ~Y~ ' 
857, or 3^, the true ratio betweea the circumfereuce and diameter of 

By Case 2, the 
i3-|/2- 

Then, by Article 7, ^/g X anV^ = qii — ^'^"^ °^ *^^ inscribed 
double triangle for half the number of sides. 

By Case 3, the sine ia TqqqiVz- 

Then, by Article 7, ^2 X f^^V2 = jggoj = area as above. 

By 0^.4, the sine ia^^ggL^^V^a. 

Then, by Article 7, i/2 X ^eggLoi ^^^ = 768398401 = "'''' "' 
above. 

By Ca^e 5, the sino is ..o(,f,^..2m?.iR7^?.a(ty ^■ 



1180872205318713601'' 



Then, by Article 7, |/2 X 118087220531371360^ ^^1 



1808- 



72205318713601 

By Case 6, the sine is 

2788918330588564181308597538924774401"^^' 
Then, by Article 7, multiplying the radius by the sine, we have, 
f the inscribed 



2788918330588564181308597538924774401 T 

double triangle for half the number of sides. 
2 
By Article 10, 2788918330588564181308597538924774401 -^ 

8765171896I35487426969877979477862403I = SfsSofsZt 
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108 QUADKATUEB OF THE CIRCLE. 

853939755958955V24806? 44 44 „ _ 22 

81308597538924774401 "T' ^°^ '-1/2} -^i thon^^._- 

3.142857, or 3^; wiiieh is the true ratio of the circumfereiiee to the 
diameter of the given circle. 

By Case 2, the difference between the inscrihed and circumscrihed 

polygons ia g^fj=i/2 i ^^^j l>y <^«*^ 3, the difference between the in- 
scribed and circumscribed polygons is ^^^^Vt- 

Then, dividing the differecee of Case 2 by the difference of Case 3, 

wo nave^gQgi/a ■ ge4404iol^2 — 2205^^ ^ 1 "^^ 

39202, which shows tbat the difference between the polygons has di- 
minished 39202 times. 

By 6'ase 3, the tangent is ■ ■ - ; and, by Ca&e 4, the tangent is 
1 



543339720" 

Then, dividing tangent No. 3 ^by tangent No. 4, we have Tooeji "=" 
6HSS5720 = 15560 X 5i5?|?I?-»= 39202 , tWr. the tog.nt N.. 
3 ia 39202 times as large as tangent No. 4, Consequently the differ- 
ence between the tangents Nos, 3 and 4 ia exactly the same as the dif- 
ference between the differences of the inscribed and circumscribed 
polygons of Cases 2 and 3. 

By Oxse 3, the difference between the inscribed and circumscribed 

polygons is 5^737|iTijl/2 i ^°^i ^7 ^"^^^ *i t^s difference between the 

in«„ib.d and oirc.m.orlbed poljgom i. is^MUihUUmm S^''- 
Then, dividing the difference of Case 3 by the difference of Ca^e 4, 



132841345651668820*^ 



ence between the polygons has diminished 1536796802 times. 
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By Case 4, the tangent is e .ooonr-on '• ^^'^' % ^^^ ^' '^^ tangent is 



835002744095575440' 

Then, dividing tangent No. 4 by tangent No. 5, we have 



543339720 

^ 835002744()955 -754-4Q = '^^^'^^'^^^ ' t^^^f-^'^ '"^^ ^^^S-* «- ^ 
is 1536796802 times as large as tangent No, 5 ; consequently the differ- 
ence between the tangents Nos, 4 and 5 is exactly the same aa the dif- 
ference between the differences of the inscribed and circumscribed 
polygons of Gases 3 and 4. 

By Chse 4, the difference between the inscribed and circumscribed 

P^'y^"^^ '' 13284134661668820 ^^^ ; ^^d, by Case 5, the difference be- 
tween the inscribed and circumscribed polygons is 313737305534147 : 

1555633890579843041640^^- 

Then, dividing the difference of Case 4 by the difference of Case 5, 
we have by cancellafon ^^^-^^^^^^^^^^2 X ^— ^ 



-1/2 = 2361744410637427202; 
the difference between the inscribed and circumscribed polygons of 
Case 4 is 2361744410637427202 times as large as the difference be- 
tween the inscribed and circumscribed polygons of Case 5. 

By Case 5, the tangent is 835oo274409557440 ' "'^'^' "^ ^'"'^ ^' *^" 

tangent is ^ 9720630637346392639844550732991 18880 ' 

Then, dividing tangent No. 5 by tangent No. 6, we have by cancel- 

^^^ = 2361744410637427202; therefore the tangent No. 5 Is 236- 
1744410637427202 times as large as tangent No, 6; consequently the 
difference between the tangents Nos. 5 and 6 is exactly the same as the 
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110 QUADRATURE OF THE CIRCLE, 

difference between tlio differences of tlie inscrilied and circumscribed 
polygons of Cases i anH.5; and, consequeatlj, the difference between 
the differences of the inscribed and circumscribed polygons of Cases 5 
and 6 will be the same as the differences between the tangents Kos, 6 

and 7; thus the tangent No. 



197206306373463926398445507329- 
9118880 ""^ ^^° ''"'■^^"'^ ^*'- '^ '^ 109998466550523587637197163135: 

91640029823644051645720435317842392159581760" 

Then, dividing tangent No. 6 by tangent No. 7, we have by cancel- 
lation 5577836661177128362617195077849548802; therefore the tan- 
gent No. 6 is 5577836661177128363617105077849548802 times as 
large as tangent No. 7. 

Again, the difference between tlie inscribed and circumscribed poly- 
gons ase IS 3i37373o5594i47i55g33g90579g43Q4ig4Ql/2; t len, 
dividing this by the difference between tangents Nos, 6 and 7, we have 
\ 313737306594147 155633890579843041 640^2 j X (557783666II77- 

128362617195077849548802 ) ' ^^^'^ "1""^' *^" ^'^"■'^'"'' 
the areas of the inscribed and circumscribed polygons for Case 6. 

Summary, Case 6. 

Tangent No. 6 ii 

'"^ ^' '^ OTSR91 sssnfiHS?ifia.i si 3n«sci7?iss9^d.77Jini 1^2- 
Cosine No, 6 i 



1 97206306H7346392639844550732991 18880' 



27889183305885641813085975389247744011^ 
. 39441 261 2746927852796891014659823760 
' 2788018330588564181308597538924774401" 
Radius No. 6 is -[/2. 

g (. N 6 ■ ^788918330588564181308597538924774401 
ecan o. is j97206306373463926398445507329911888Q' 

Note.— It will no doulit be obaerved by the student tlial, in the Snmniary for Omm 6 raiA 7, 
tlio Bine and tangent aro not extended in decimals, for the reason that the space could he hctfei 
occupied with matter more important to the eubjeot. The student will find It a Tety Hgreeablf 
pnsUme to rerify tba result in these Cases for himself, and it was partly with that view thai 
they were omi tied. The sine and tangent in Caie 6 should agree together foe 72, and In Case', 
for 144, decimal places. 
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The cosine, radius, and sorant haie atoo been omitted, partly for tlie same reason, and partly 
because the radius with which they should botb agree tvOl b* found carried out in tho Second 
Fart of this booh ; for Caie 6 they should agree like tbe sine ia^ taugeut ffitb oBCb other to 72 
daeimsl places, aDd lor Que 7 to 144 decimal places. 

B, 0»e 6, a. toDgeul i, i„2oa„63734639263984156llT3299U8- 
ggji, and tlio square which forms the unit of comparison ia the square 
of the tangeat, which 1838890327273464518838061 9496065992 16663- 

67162016449544406781628584372454400' 

Again, hj Case 6, the rectangle contained by the radius and the sine 

^ 2788918330588564181308597538924774401 ^"^ '''' '"""''^'- "' ''^^^ 
8765171896135487426969877979477862403^. 

175303437922709748539397B- 
Multtplymg these together, we have sj^gBB 183305885641 8 13085 9- 

5958955724806^ __ 44 1 

7538924774401 ^'7 "^ 388903272734645188380619496065992165- 



6367 I 620 1 6449544406781 638584372454400 

461 8838061 94960659921 6563671 630 1 64495 444067816285843724544- 

00 _ 1711174400032438828874725782690365528801551287237 7 995- 

3893391657712387993600 _ 244453485718919832696389397527195- 

07554307875531968564842627379673198284800 ; therefore there are 
exactly 24445348571891 98326963893975271 9507554307875531 9685- 
64842627379673198284800 squares in the given polygon, each of 



whieh is expressed by 



3889032727346451 883806 1 94960659921 65636- 



7 1620 1644954440678 1 628584372454400' 

Then, multiplying the number of squares by the value of eaoh square, 
2444534857 189198326963893975271 950755430787531 96856 - 
^^ ^^^ 388903272734645188380619496065992165636716201644954- 
4842627379673198284800 44 ^, ^ ^ • .. :, , 

4406781628584372454400 ^T = ^' = "^"^ "^ '^" '"''''^'^ 1"'^^- 
gon for double the number of sides. 
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QUADEATUEE OP THE CIRCLH. 



In which the Inscribed and Oircumseribed Polygom are Carried to 
48890,697143,783966539277879505439015108615,75100393712968525- 
47593463965696034 Sides. 



By Case 6, the tangent is i97at)63U637346392tia9»4455073299i : 
278891 8330588564181 308597538924774401 
jggg^ and tte secant is ig72063063734639263984455 0732991 18880" 
Then, by Article 3 and (Propositions 4 and 5), tangent* 

3889032727346451 883806 1 9496065992 165 6367 162016449544406781 - 
557783666117712- 



md the double of tlie secant is 



628584372454400' 197206306373463- 

8362617195077849548802 

9263984455073299118880' 



Then, by division and cancellation 






H^^nHHUUnU^MnMiiHtUW^HAW^$ii0^ 657783666- 

mmnmu^$$nnnnum . i 

1177128362617195077849548802' 1099984565505235876371- 

97 1631359164002982364405 1 64572043531 78423921 59581760 = *'^°- 
gent No. 7. 

By (Proposition 6) and Article 4, and by eaneellatioD, 

5577836661 177 1283626 171 950778495488 02 1 

1972063063734639263984456073299118880 "^ 109998456650523587- 

6371971631359164002982364405164572043531*r8423921595817liO " 

1 

3889032727346451883806194960659921656367162016449544406781- 

T 28584372454400 = ^'l""''^ ^^^^'^'""'"'^ "'^ ^""^ *'"'S"''' ^<'- ^■ 

^ , 278891 83305885 641 81 308 5 97 638 9247744 Q l 

l!y C«se b, the secant is 1972063063734639263984455073299118880- 

Then (2788918330588564181308597638924774401)2 x 2 — 1 = 

1 5556 130909385807535224779842639686025468648065798177627 12- 

6614337489817601. 
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QUADRATURE OF THE CIRCLE. 113 

1555613000938580753- 



Multiplying this by taageat No. 7 we have -: 



' 10£l998i5655052a5876- 
5224779S42639686G254686480(i57981776271 2651 4337489817601 ^ 
a71971li313391640029823644051645720435317842392159581760 
secant No. 7. 

By Cose 7, the uumerator of tho secant is 15556130909385807535- 
22477984263968662546864B0657 981 77627 1265 14337489817601, and 
the givea radius is the j/g- 

Then, by division, we have i55561309093858075352ii47798426396- 

866254686480657.98177627126514337489817601^ ^ ^^"^ "" '^■ 

. 1 5556 1 309093858075352247798426 306866- 

By Oast 7, the secant is i (,9998456550523587687 1 97 16313591 6400- 
25468648065798177627126514337489817601 . 

2982364403 164572043531 7842393159581760 ' '"' "^ " ^''^ 

square root of two. 

. 2199969131010471752743943262 71832S. 

Ihen, by division, we have 1555^30909385807 5352247798426396- 
0059647288103291440870635684784319163620 __ . 
8B625468648065"798177 6271 265 1433748981760T ~ ''*'^""' ^- '^• 

„ _ ^ , « c ■ 278891833058856418130859753892- 

By 0.s« 6, the seeant No. 6 is 1972063063734639263984455073 29: 
4774401 _ 15556130 03858075 3522477984263968662546864806579 - 
9118880" 10999845 6550523587 637 197 1 63135916400298236440516- 
81776271 265143374898i7602 
457204353 17842392 15 95817 60- 

. 1 ;, 

10999845655052358763719716- 
98426 3968662546864806579817 7627126514337489817601 
31359164002982364405 164572043531 7842392 159581760' 

Thpppfrirp ..^__^ r 

10999845655052358763719716313591640029823644051- 

64572043531734239215958176Q '"'' ^''° deducted from the assumed 
radius, and twice that amount from the assumed diameter. 
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,14 QUADKATUEE OP TMH CIRCLE. 

Therefore, l>j hypothesis, 10-999845655052^5876371971631359164- 
must be deducted 



002982364405164572043531784239215958176fr 
from the circumference to complete the polygon. 

By Caie 6, the tangent is J 97 20 6306 37 346 392639 84455073299 11- 

^80' 

And, by Case 7, the tangent is 109998456550523587637I 971 (53135- 

91640029823644051645720435317842392159581760" 

Then, by divisiou and cancellation, we have 55778366611771283626- 

17195077849548802; therefore the tangent No. 6 has been divided 

into 5577836661177128362617195077849548802 parts, each of which 

is equal to tangent No. 7. 

By Case 6, the polygon was carried to 876517189613548742696987- 

79794778624034- sides, each of which contained two tangents of 

1 

19720630637346392639844550732 99 1 18880" 

^'^®° 1972063063734639263984455073299118880 ^ 

17530343792270974853939755968- 
54874269698779794778624031= 1972063063734639263 984456073: 
955724806^ _ 977813942875679330785557590108780302172315021 



^109998456550523587637197163135916400298236440 
27874259379509518692793139212; 



51645720435317842392159581760 ' 

And, by hypothesis, 1 (,99984565505235876371971631359 16400298 - 
must be subtracted from 



2364405 16457204353 17842392 159581760 

the oireumferenee to complete the polygon. 

97781 3942876 6793307855575901 087803021 72315021278742- 
109998456550523587637197163135916400298236440516457- 

593705095 1 86927931 3921 2f 6^ 

20435317842392159581760 1099984665505235876371971631359- 
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977813942875- 

1640029823644051 64572043531 7842392159581 760 ~ 109998456550- 

G793307855575901087803021723150212787425937050961869279313 - 

523587637 1 97 1631 359 1 64002082364405 1 64572043531 78423921 5958 - 

9206a 

' = the eireumferenoe of the polygon No, 7. 

„ ^ ^ , ^r „ . 155561300093858075352247798426- 

By Cu^e Y, the sccaDt No. 7 is i ui,99845t>55U523587637197163135. 

39686625468648065798177627126514337489817 601 „ „ — 311122- 

91640029823644051645720435317842392159581760 ^ ~' 109998 

C181877161507044955968627937325093729613159635525425302867. 



4565505235876371971631359164002982364405164572043531784239 
4979635202 



: the assumed diameter. 



2159581760 

Then, by Articles 1 and 2, dividing the assumed circnmference 
, ,, . , ^. , , „ . 97781394287567933- 

hy the assumed diameter, we have by eaaeellation ^ 0999845 655 052358- 

078555759010878030217231502127874259370509518692793139206 j 
7637197163136916400298236440516457204353178423921.^581760 

10999845655052358763719716313591595451753047924036846398- 
'^31112261818716150704495596852793732509372961315963552542- 
694780218565561760 9778139428756793307855575901087803021- 



530286749796352C^ ~ 311122618187161607044955968527937325- 
723150212737425937Q 5 09518692793139206 J „ 22 _ i 49057 . 3 . 
0937296131596365254253028674979635202 — 7" "~ ' ' °^" '^' 

the true ratio between the circumference and diameter of the given 
circle. 

By CW7,the sine of the given arc 1 555^1 309o<,385807535224779^- 
8426396866254686480657981 77627126514337489817601v'2. 

Then, by Article 7, multiplying the radius by the sine, we have 

2 

15556 1 309093858075355224779842639686625468648065798177 627 1 - 



26514337489817601 = area of the inscribed double triangle for half 
the number of sides. 

By Article 10, i5556i309093858075352247798426396866254686- 
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116 QUADRATURE OF THE CIRCLE. 

4806579bm62712ti5143ii7489^17t>01 X 48890697143783966539277- 

879505439015108615751063937129686254759346396569603^ r= jg^ 

13942875679330785557590108780302172315021278742593705095186 . 
1309093858075352247798426396866254686480657981 776271 265 143- 

92793139206» ^44 ^y.y^2; then ^ ^ 2 = f ^ 3.i42857, 

37489817601 7 ^ »"" ^.V ^^ ' 7 7 

or 3|, which 13 the true ratio of the circumferente to the diameter of 
the given circle. 

Summary, Case 7. 

Taogent for Case 7 is i(,9998^5s550523587637 19716313591640029- 

82364405164572043531 7842392 1 5 958 1 760 ' 

Sine for Case 7 is ^ 5 555 130909385 §075 35 2 2477 9842 63968 6 62546 8- 

648065798177627126514337489817601^^' 

219996913101047175274394326271832800596- 

tosino tor Case 7 is i555(ii3oyo93858075352247798426396866254- 
4728810329144087063568478431 9 163520 
686480657981776270126614337489817601' 

Eadiua for Que 7 is -j/g- 

- f f z' 7 ■ 156561309093858075352247798 426396866254- 
^^ 109998466550523587637197163135916400298- 
686480657981776271 266143374898 17601 
23644U51b4&72U4353 17842392159581760 ' 

eD the inscribed and drciiioaeribed polygons for Oue 7 has Iraen 
.wing llie Btudent to make the caleiilalion tot himself ; the num- 
her ot squares contMneil in the given polygon, together with the unit o! comparison, has also 
heen lettont, as the calcnlatlon is made. In the same manner aa In the previous cases. The 
decimals ot the Summary have also heen omitted, as In Case 6, and for the reason montioned 
therein, viz. : that the dsciiBBls for the cosine, tho radins, and the langont will be found In 
Port Second of this volame. Indeed, the whole of Ones 6 and 1 nonld havo boon omitted had 
It not Intetfered witJi the original design of the author, as the other cases sro sufficient to en- 
able ani/ one to get a thorough and comprehensive knowledge of the Bubject, tbov^jh tho curious 
and the adept are at liberty to oxt«nd the vork ad mfiaiium. 
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Proofs. 

By Case 1, tlie t?:^^ of the sqaare described upon the radius wa 
deducted for the purpose of finding the value of the given arc, an 
the square root of the ^th so deducted is the sine of the given arc 
aud the square root of the remaining ^ths is the cosine of the give 
are ; for, substituting the numbers, we have (j/S)^ = 2, and — of 2 = 
1 =i; -^ the VJ = ~ ^ ^1- -- of the given arc. 

Again, 2 = ^, and ^ - 1 = f? ; and the , g = U cosine e 
25 25 25 25 A'SS 5 



Then, by Aeticle 5, w X R =55=^ ^''^'^ "'^ *''<' inscribed double 
triangle. 

Now, by Case 1, there are 22 double triangles contained in the given 
polygon. 

Then, ^ X 22 ^ -^g- = area of the entire inscribed polygon. 

By trigowMneiry, we have cos. : sin. : : rad.; tang. 

7 1 „ 1 1 

Substituting the numbers, we have = : ^ : : -\/2, ■ si/2 i for - X 



Then, by division and cancellation, i 

= 7I/2 ^= tangent of the given arc. 

Then, by Aetici.B 6, ^1/2 X i/2 ^ 7 = =i''ea of the circumscribed 
double triangle. 

Now, by Case 1, there are 22 double triangles contained in the given 

44 
( 22 = -5- = area of the entire circumscribed polygon. 
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118 PHOOFS. 

^, 44 1100 , 154 1098 
1 175 ' 25 175 

nOO 1078 23 
Then, by subtraction, -rp^ j=^ ^^Trfi "^ *''^ difference be tweeu 

the inscribed and circumscribed polygons. 

, . 22 1100 22 ^, i;}0 22 1 „ . ,, 

Again, -g ^ ^^ =__ x^o^jj5-p = 5g; therefore the 

difference between the inscribed and circumscribed polygons is ^th of 

the circumscribed polygon, and is equivalent to the Fj^th of the square 

described upon tlio radius; consequently, deducting s^fi^ from tlie 

square described upon the radius ia equivalent to deducting ^^th from 

the area of the circnmscribed polygon. 
By Irigonomeiry, R^ + tan.^ ;= sec. 2. 

Substituting the numbers, we have (i/2)' ; =: 2 and (=v'2)^ = jk ', 

then 2 + A -= ^P^, and J}_^ = 1? = secant of tlie given arc. 
49 49 \ 49 7 

Deducting the cosine from the secant of the given arc, we have 

10 50 ,7 49 ., 60 49 1 ,, ,._. , . 

-—=-—; andi; = — ; then ^^ — --,- ^: jr^^ = the amerencc betweea 
7 35' 5 35 35 35 35 

the cosine and the secant of the given arc ; then, dividing this differ- 
ence by the secant, we have, by cancellation nF^^-y^Sa '^TTi^Ml' 
therefore the difference between the cosine and secant is equivalent to 
the ^th of the secant. 

Consequently, deducting v^th from the square described upon the 
radius ia equivalent to deducting the ^th from the secant of the 

Again, by Case 1, the circumscribed polygon is -j^) and the in- 
scribed polygon is -r=r ; then, by division and cancellation, ■ _ -4- 
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1100 _ __ 

175 ~ X11$ ^ 1100 "1100"^ 
is =jr of the eireumseribed polygoi 



By Oxse 2, the sine of the given arc is 551/2 ; and the radius is |/2; 
then qqi/2 X 1/2 = 00 = ""^^^ '^^ *'^^ inscribed double triangle ; and 

the inscribed polygon. 

154 
But, by Case 1, the area of the inscribed polygon is -^=-. 

„ 44 1100 , 154 1078 

N^^T = W^"^25-^-r75- 

^, , ,. . . . ,, ,. , 1078 1100 1078^, 

Then, by division and cancellation, we have Tpr^- h- -j^^ ^= -rr^ X 
170 iTo *A9 ' 

rmo ^^ rffin ^^ ^ ' *''^''^*"'^'^ ^^^ ^'^^^ °^ *^^ inscribed polygon for 

Case 1 is ^ of the area of the inscribed polygon of Case 2 ; but 

the area of the inscribed polygon for Gise 1 is ^ of the area of 
the eireumsorihed polygon for Case 1 ; therefore, by (Axiom 1), the 
area of the inscribed polygon of Case 2 is the same aa the area of the 
circumscribed polygon of Case 1. 

But, by Case 1, the ^th of the area of the circumscribed polygon 

was deducted : therefore, by Case 2, the same ^^rth has been added on 
again. 

Again, by Case 1, the sine is ^, and there are 44 sines contained la 
the given polygon ; and, by Case 2, each of these sines is divided into 
14 parts, each equal to tangent No, 2 ; therefore there are 44 X 14 = 

616 tangents contained in the polygon for Case 1, each equal to =j;. 
But, by hypothesis, =-^ must be added to complete the polygon ; 



_ _622| 

70 "^ 70 " 70 ~ 490 " 



(I of the tangents. 
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Again, by Case 2, the tangent is — and the sine is qni/S > therefore 
the tangent is to the sine as =jr is to the ^qi/s- 

Now, by Case 2, the sum of the tangents is -7^7-, and the sum of 

„ . 4356 ^^ 
the sines ggTl/S- 

. 4356 1 4356 „ 1 ,_ 

TheB, by proportion, -^ : ^ : : -^l/2 = ^V2- 

4356 1 44 4366 _ 1 44 

*■" 490 ^- bV2 = SoI^'"''-693V2 Xf5 = j55l/2. 

Agaio, by Case 1, the tangent is =^•''2; ^nd there arc 22 sides, each 

1 __ 44 _ 

of two tangents ; then ^y''2 X 44 ^ -7-1/2 = ^^^ ^ira of the tangents 

for Case 1. 

And, by Case 2, the siae is 5ijl/2. "i"! t^'^re are 311^ sides, ea«h of 

two sines ; then ^aVz X 622-f = -7^1/2 ^ ''^^ ^i™ o^" tlie sines for 

Case 2. 
-, 44 ,_ 4356 ^_ ,622 
Now ^y'a^-gy^i/a.aad-^ 

of the tangents for Case 1 has becc 

Again, by (hse 1, the sine is -, 

1 44 

sines ; then - X 44 = — = snni o 

And, by Casf, 2, the tangent is = 
two taugents ; then — X 622^ = ■ 

.__, JA. 

70 ' 

complete the polygon; t^us -^-^ -f- — ^ ^n^ > therefore the sum of 

the sines for Cam 1 has become the sum of the tangents for Case 2. 
Again, by Case 1, the cosine is = ; and, by Case 2, the secant is =-r. 



e the sun 


11 of the sii 


les for 


Case 2. 


id there 


are 22 side 


s, each of two 


Ihe sines 


for Case 1. 






and ther 


e are 311^ 


sides, 


each of 
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- has been added to 
( u ■ ■( I 

' 70 '" 98 "' 70' *^'""'^""' 

been increased its 55''^ part. 

ind, bv Case 2, the 
HI ■ 

of the tangent.; h.t ^ -^ -^Ay_-^^^^--^^, 
Consequently the eircnm fere nee of the circle has been increased its 

±th pari. 

Again, by Case 1, there is — deducted from the square described 

upoD the radius, and tliere was also ^^th deducted from tbe secant. 

And, bv Case 2, there was -^rr: added to the diameter and the circuni- 
' ■" ' 98 

ference of the given circle. 

Consequently there was ^th addeij to the area of the given circle. 

By Owe 2, the sine of the given arc is Qg-/2, and there arc 311| 
sides, each of which has two sines. 

The. ^^-SX 6321 = 5|-Vs=||V2. 

By Case 3, tie sine of the given arc is TugQ>/2, and there are 61603J 
sides, each of which haa two sines, 

^, 4356 ,_ 597673692 ,^ 
Tho. ^gj-v'a = 98or445r>^2. 

Audi 
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Consequently the sum of the sines for Case 3 is the same as the sum 
of the sines for Caie 2. 

By Case 3, the sine is u -(/2i ^'^'^ there are 61603| sides con- 
tained in the given polygon, each, of which has two sines. 



Oa»e 3. 

By (hie 4, the sine ia ^^gJ^-^^/g, aud there are 2414966403f 
sidea contained in the givea polygon, each of which has two sines. 

'■"» TlISskBIv/a X 4829932806S = *^^Vi = -«. -f 
the siiies for Gaee 4, 

„. , „ ^ 123206? ,_ 946715129360063 „ 

Then, by Ca.e 3, ^gg^i^i/z -^ 15061377058001^ 2- 

^ :, -L ^ . 4829933806i ... 946715129360062 ._ 
And, by Cane 4, -,^^^^^^y g = i506137705801 V^^' 

Therefore the sum of the sines for Case 3 is exactly the same as the 
sum of the sines for Ga.se 4, and the length of the perimeter of the in- 
scribed polygon is Bot changed. 

By Ca^e 5, the sine i^ ii808722()531S71 360-lV^^' ^"^ '^' '^«°''^^^ '^ 
sides contained in the given polygon is 3711312645287385603J, each 
of which has two sines. 

Then, multiplying the sine by double the number of aides, we have 



74226 2 5290574771206^ _ 



the sum of the sines for polygon No. 5. 

■ -^ 
esis-j 

V2. 



B ^ , ,, „,, . . ^94671512936006^ ._ 111794- 

By Ca^. 4, the sum of the sines is -X50 6 1377058001 ^^ == msX 



1180872205318713601 

By Cas-3 4, the sum 
958361 600865305241 2 17307206; 
561541 6 183 1948037928457 160 1 

,,,„„,, ^ ,^, ■ . 74226252 90574771 206f ,_ 

And, by Ga.e 5, the sum of the sines '^ ii8087220531871360 l"'^^ 
_ 111794958261600865305 2 41217307206^ 
" 17785561541618319480379284571601 ^'^' 

Thus we perceive that the sum of the sines, that is the perimeter of 
the inscribed polygon, from Case 1 to Ccise 5, inclusive, is sonstantiy 
changing the number of its sides at a rate much more rapid than by 
doubling, while the length of the perimeter, as well as the radius, and 
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tho area of the inscribed polygon conBtaistly remains tlie same; and, if 
the number of sides were increased ad infinitam, they would still con- 
tinue to be the same, although at every successive step the Usual num- 
ber of sides, according to hypothesis, has been deducted. 
For. by am 2, th. ,i.e i, iyg = ^^—^l 

And, by am 3, the .me „ jjgjjv^ = SSaiSW^^- 

Then, b, subtaelion, w hm ^^^^^^^y-^- 
Now, by Case %, there are 61603^ sides, each of two sines. 
^^^^ 384218802^^ '^ 123206f = ^^^^^^q.^V^ = 26895316I4 
= 75^19! therefore -iiJ..., \/2 ^"^ ti^^" deducted from the circumfer- 
ence of the given polygon, and still the perimeter of tho inscribed 
polygon remains the same, 

„ ^ „ ,. , . 99 19602 

Byfese2,thesecantis^-=j^^. 

And, by Case 3, the secant is WoF f.- 

Therefore ■ „^„ ■ Aas been deducted from the secant, and l.,^„„ from 
laoou Idoou 

SI 
the assumed diameter ; consequently, by hypothesis, ^-i,, ,- imiU be de- 
ducted ftom the eireumferenoe. 

By Case 2, the tangeat is =^ ; and, by Ca,ie 3, the tangent is -— ^ — . 
Then, dividing tangent No. 2 by tangent No, 3, we have by cancel- 

lation =^ -T- ,„„„„ =^ rr X -^^ = 198 ; therefore each of the tan- 

70 13860 3f> 1 

geuts for Case 2 has been divided into 198 equal parts, each of which 

is equal to tangent No. 3, or ■ 

Now, by Case 2, there are 311^ sides contiincd in the given poly- 
gon, each of which has two tangents, then 622i X 198 = 123212$ = 
the number of tangents in the poljgf n for Gise 3, But, by Case 3, 
the given polygon has only 123206| tangents, therefore ^^ i^ - ^v has 

been deducted from, the given polygon, and, m Case 4, ^ haa 
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been deducted from tlie given polygon, and bo in Cases 5, 6, 7, etc.; 
and if it were possible to carry the polygon to infinity it would still 
be found that in every ease 6^ times the tangent of the given arc, or 
3^ sides of the given polygon, would be deducted for 1 of the values 
deducted from the diameter. 

But in every case the sum of the sines of the given polygon, which 
is the perimeter of the inscribed polygon, constantly remains the same ; 
that is, the length is not diminished, and the area of the inscribed 
polygon as well as the radius remains the same, though the number 
of sides is continually and rapidly approaching infinity; while the 6^ 
times the tangent is as regularly and constantly deducted in every 
ease ; therefore the G^ times the tangent or 3^ sieves of the given polygon 
so deducted is exactly equal to the number of sides taken wp by the per- 
imeter of the inscribed polygon by the contraction, which necessarily fol- 
lows the increase of the number of sides, which is one of the strongest 
proofs that 3^ sides in every case is the exact number to he deducted; 
consequently, when the final limit is reached, the perimeter of the cir- 
cumscribed polygon, which is the sum of the tangents of the given poly- 
gon will vanish, and the perimeter of the inscribed polygon, that is the 
sum of the aineSjWiil become the circumference of the given circle, loAic ft. 
will be infinite I Thai is no pari of the circumference however small is 
straight! And, as the radius is the -j/g, and the diameter the y/g 
therefore the circumference of the given circle wilt be 3^ times the 
■[/g i consequently the true ratio of the circumference of any circle to 
its diameter must be as 3-| is lo 1, QED. 

By Case 1, the cosine of the given arc is 1.4, and the secant is 1.4^; 

then 1.4^ X 1.4 = 2, and -^72 = the radius of the given circle. 

140 
Again, by Case 2, the cosine of the given arc is -^, and the secant 

99 140 99 

is^l then^Xij^ = 2,and|/2= the radius of the given circle. 

. 27720 
Again, by Ca&e 3, the cosine of the given are is ; ■ y^- , and the se- 

,. 19601 ^. 27720 19601 „ j .- .^. a- p.u 
eant ^« IggSO = ^"""^ 19601 >< 13860 ^ ^' "^"^ ^^ = the radms of the 
given circle ; consequently, if the cosine, which must constantly lie with- 
in the circle, be multiplied by the secant, which must constantly lie 
without the circle, the square root of their product will, in every case, 
be equal to the radius of the given circle. That is, the "limit of the 
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product of two qiianliUc is fhepiodict if their limits;" conse- 
quently, when the final limit of the cjsine is reached, that limit 
will be the radius ; and, theiefore the ladiu'i multiplied by itself, and 
the aqnave root of the pioJuot hemj, extracted, the result will be 
equal to the radius , thus | 2 /•.I I^^^i t^^" y^2 = the radius 
of the given eirele. 

So, also, if the radius of the given circle be -|/2, and a polygon, be 
inscribed within it, and another circumscribed about it, and these two 
polygons be made to approach the circle and each other, Id the man- 
ner proposed in the foregoing problem, that is, one from within and 
the other from without (in such a manner that there is no chance of 
forcing a limit), and at the same time if the radius of the inscribed 
polygon be equal to the cosine of the given arc, and the radius of the 
circumscribed polygon be equal to the secant of the given arc, and 
these two radi b 1 m d to approach the true ridmsinlhe same 
manner, and at th me t as the inscribed and circnmsciibed poly- 
gons, to which tl y b 1 n approach the circle , thtt is, one from 
within and the th f m w thout, so near that the diflerence between 
the inscribed d u bed polygons, with rtgard to the circie 

and to each otl 1 all b made less than any assignable quantity, 
then in that ca th t b tween the assumed circumference and the 
assumed diam t w 11 b tl same as the ratio between the true cir- 
n 1 tl t u \ ter. 



The following extract from a chapter on the Doctrine of Limits is 
copied from the May number of the Home and School Journal for 
1873, published by Jno. P. Morton & Co., Louisville, Ky. The chap- 
ter is the substance of a paper read before the Georgia Teachers' Asso- 
ciation by Jno. M. Richardson. It is inserted here, as it is believed 
that it will establish the theory advanced by the author. For a fuller 
and more ]ucid treatise upon the subject, the reader is referred to tlie 
Journal itself: 

Art. I. — Bepinition op a Limit. 

Theeon^aiaAiaaaidtohethelimUofthei-anahUavihfaA—a or u — A may he 
made less iJian any assignable muijnilade, but can nete!' become sero. 

Art. II.™ Definition of an Infisitesimat., 

Tlie iwn'oSie difference A — n or <i — A, belweeo. a variable amlUs Umil, is an infin- 
itesimal. Il may be made less than any designated imanlily, bvt can necer become 
sero. Or mote generally, an infiniteiiTiuil is a variable whose limit is zero. 
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Aht. hi.— Examfles of Limits and op Inpinitesimais. 

1. The' common fraction ^ is the limit of the repetend .142857; and -} — 
.142857 is an inSniteaimal, 

2. The quantity y'2 ia the limit of 1.4142 | and v/2 — 1.4142 . . . ia 

an infinitesimal. 

3. The sura of the series 1 +5- + ^ + Jj + etc. is | [1 - (J^)" ] ; its limit 
is|; and « — * [1— (i)" ] ia an infiniteairaal. 

4. The circle K is the limit of the inacribed and circuraacribed polygons I 
and C; and K — I or C ^ K ia an inSniteBimah 

Akt. IV.— Ebmakes on the ExAMPLEa 

a. With regard to the first two examples it is evident that, however far the 
process of diviaion or of extracting the aqaare root be carried, the limits 1 and 
(/2 can never be reached. 

6. 80 looaely, though, are the aymbnls o and «> used in algebra, that it may 
be suppoBed the limit can be reached in the third : " foi'," say algebras gener- 
ally, "when n = a), (i)" = O ; and then the sum of the series is 4." 

But the sum can not be 4 nnleas the last term is zero; and the last term can 
not be zero unless the one-fowth part o/something is nothing, or unless the division 
of something can he carried so far that each of its equal parts is nothing, or unksi 
smnething ami nothing are ejuiooient lerma, the very statement of which absurdity 
should be its own refutation. 

e. The distance between two places is a miles; a locomotive starting from one 
travels during the firat hour iialf the distance to the other ; durini? the second 
hour half the remaining dlBtance ; and ao on, going each euccesaive hour half 
the remaining distance. When will it reach its destination? Mever ; because 
the half of something can not be zero. 

The expression for the sum of the distances is 

S = '+^ + -'+etc.-a{J + J+l + etc.)=a[l-a)'']. 

1 of the distances; and, as the locomotive can 
sum of the distances is never equal to (i. 

Art. V. The Dtjhamelian Pboposition. 

If two vanables, a and /?, are constantly equal, and each lends toward a limit, (heir 

limiis, A and B, are egaoi Or, more generally, if two variables, a and fi, have a 

eomtanl ratio, aad eadt tendi tovmrd a limit, their limita, A and B, have the same 

iV n : ^ = r, (1) 

then A : B = r, (2), 

and a : ^ : : A : E. (3) 
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Let A> B; II and fi less than their limits. If (3) be riot true, then 

- : /J : : A : B' (4) 

in which B' is either less oi- greater than B. 

1. Suppose B'< B. Let a and ^ increase i 
mediate between B' and B. Denoting tliese n 
(4) becomes 

a' 1 /!' : : A 
Passing to producls, 

fi' B' = A /?' 
But «'< A, and B'< ^' ; hence «' B' can not be equal to A (i'. 

2. Suppose B'^B. B' is less than A, for . p is supposed lo be less than a. 
Some quantity A', less than A, can alwajs be found to satisfy the proportion. 

A' ; B : : A : B' (7) 

Comparing (4) and (7), 

a r ^ : : A' : B, (8) 

Let a and /? increase nntii a >A' but <A. Denoting these new values of n and 
P by a" and P" (8) will become 

a" : ^" : : k' t B, (9) 

whence a" B =A' /J" (10) 

But a'''>A', and B>/3"; hence a" B can not be equal to A'^". 

If, therefore, the frtirtli term of (3) can be neither leas nor greater than E, it 
must be equal lo B, and (3) must ba true, or 

o ! /? : : A : B. (II) 

In the same way, if A < B, n and ,3 increasing toward their limits; or if o and 
/? are decreaiiing variables, and A either greater or less than B ; it cau always 
be proved that 

o : ;? ! : A : B. (12) 

Hence, if the variables a and ji havs a constant ratio, their limits A and B have the 



Ifo : /? = l,thenA : B=l. That is, if a = /?, then A = B. 
Hence, ij two variahks are eonstanlly equal, their Umita are egual. 

Art. VI- — Additional Propositions. 

1. The limit of the eum o/aeveral variables, each tending toward a limit, is i/ie sum 
of their limits, 

2. The limit qf the p-bd-acl of several variables is the product o/ their limits, 

3. The limU of the quotient of ftoo variables is the quotient of their limits, 

4. The limit of any pmaer of a variahU is the name power of the limit. 

It is, perhaps, hardly necessary to demonstrate the four preceding proposi- 
tions ; the intelligent student can do so for himself readily enough ; but the 
following one, being rather more abstruse, will be established, 

5. When the limit of the ratio of too quantities is uniti/ their difference dimded by 
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either one has serofor its limit or is an infinitesimal, Eeciprocally, if the difference 
of two guantiiies divided by either one ts av» infinileiimal, the ratio t^ the two quanti- 
ties hasunityfur itslimil. 



Let a'-a=S (1) 

whence ^ ~~ ^' ^^ P ^^' 

If, now, the limit of 7 or of - is unity, the limit of -, or of -maat be zero. 

It follows, therefore, that the limitt of the ratios or of the sums of infinttedmals, 
are not changed when Iht given iT^nitesimals are reptaced by othera vihieh differ from 
th^n by quantities w/tieh are infinitesimals with regard to them. 

Bote,— The proposition of Article V. nrnyhe loundSr (ha worts of both Duhaniol and J. A. 
Serret, though the former appeara la make much more use of it than llie latter. The dcmon- 
Blratlon given is due to Dr. A. T. Bledsoe, farmeily Frofeasor of Mathematics in the University 
of Virginia, now editor of the Southern Quarteily Review, BalUmore, Md. 

The propositions ol Article VI. are from Duhamel. 

The Quadrature of the Circle has heen defined as a problem- whieh 
lias beeo reduced to finding a straight line equal in length, to the cir^ 
eumference of the given circle in terms of the radius ; or, how often 
the square described upon the radius is contained in the area within 
the given circle, both of which, upon csamination, may be said to be 
reducible to the same thing. 

For, when the circumference and the radius of the given circlo are 
known, the rectangle under the radius, it is said, will give the area; 
and when the area and the radius are known, dividing the area by the 
square of the radius, it is said, will give the eircumference of the given 

For, supposing the radius equal to unity its square will be equal to 1 ; 
then, if the area contained within the given circle be 6.2831853070, 
etc. by divisioti we have 6.2831853070, etc., which is equal to the cir- 
cumference of the given circle. 

Again, if the circumference of the given circle be 6.2831853070, 
etc., and the radius 1, by division we have 6.2831853070, etc., which 
equals the area of the given circle, which would give for the ratio 
3.1415926535, etc. 
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the assumed oireatnference be --, then, according to the " Diihamelian 

tteorem," dividing the eireumfevence by the diameter, we have bycan- 

44 14. 4.J. a 22 
cellation ^^:^=^x^ = ^= 3.142857, or S}, which is the 

true ratio of the eireumference to the diameter of the given circle. 

By Case 1, =]/2 =^ the tangent of the given ore, and the radius is 
the y'2- 

Then, by Akticle 6, =y'2 X i/S = 7 = ^^^^ °^ *^^ circum- 
scribed double triangle. 

But there are 22 double triangles contained in the given polygon. 

Then, by Article 9, = X 22 = ^ = area of the circumscribed 
polygon. 

Squaring the radius and dividing, we have (^/g)^ ^^ 2 ; then -=- 

-i- 2 = — = 3.142857, or 31, which is the true ratio of the circam- 

7 ^ 

ference to the diameter of the given circle. 

Again, -y~2 = the tangent of the given arc ; then =]/2 X 44 = 



But the radius is the 1/2, and the diameter is twice the square root 
of two ; thus ,/2 X 2 = 2^2- 

44 22 - ■ 

Then, by division, we have -^^2 -^ 2y2 = y = 3.142857, or 

3^, tlie true ratio of the circumference to the diameter of the given 

Again, by Case 2, the sine of the given are is sqI/25 ""^ ^^^ radius 
is the t/2. 



double triangle for double the number of aides. 
But there are 311-J- sides to the given polygon. 
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Thea, by Article 10, A x 311| = ^||^ = T ~ '^'^^ "^ ^^^ ™' 
scribed polygon for double the number of sides. 

Now tlie tangent of the given aro is — , and the unit of comparison 

Wo/ 4900 

Then, by division and cancellation, we have "S" "=" TnTui "= "S" X 

i^» = 30800. 

Therefore there are 30800 squares contained in the given polygon, 
each of which is represented by jann I i^nd the square described upon 
the radius is 2. 

Therefore there are 9800 squares contained in the square described 



upon the radius, each of which is represented h 



4900" 



Then 30800 *^- 9800 = 3.142857, or ^, the true ratio of the cir- 
cumference to the diameter of the given circle. 

But the area of the circle is said to be the rectangle under the ra- 
dius ; that is, the rectangle contained by the circumference and the 
radius. 

If it is meant for the circumference to be a straight line without re- 
gard to the circular figure, then the definition is (rue ; but it is admitted 
by all former mathematicians that this straight line has never yet been 
found. Moreover, it is asserted that it is not likely that it ever will be 
found, because " innumerable attempts have been made to find a solu- 
tion of this problem, but these attempts have been made in vain." 

If it is meant for the circumference of a circle to be the boundary 
of the circular figure known as the circle, then, in that case, it is not 
true " that the rectangle eoniained hy the radius and the cirewmference is 
equal to the area of the given circle," as can very readily be shown. 
For, witness the following demonstration : 

Let the straight line/P, Figures X and 2, Plate 6, be the radius of 
the given circle = -[/g, and let the straight lines PF, PE be the tan- 
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gents of the given are, each of which = s^]/ 2 ; tlien will the triangles 
fPF, fPE be the given cireumserihed triangle. 

For, by Article 6, 1/2 X bi/2 ^^ 7 ^ "'"^^ '^^ *''*' cireumserihed 

Then, dividing this area by the given radiua, we have = -i- -j/g = 
=|/2, which is said to be the arc of the given circle, but which is, in 

fact, only the tangent of the given are, a result too large, because the 
tangent is greater than its arc. 

Again, Set the straight line /A, ftn, he the radius of the given circle 
=^ |,/2i ^nd t^i^ straight lines gh ge, Im. In; be the sines of the given 

arc, each of which = ^; then will the triangies/sm,/m, be the inscribed 

double triangles for double the number of sides. 

For g X 1/2 ^= r1/2 ^ "^^^ ^^ *^^ double inscribed triangle for 
double the number of sides. 

Dividing this area by the given radius, we have vj/g -^ V2 = ei 

which is said to he the arc of the given circle, but which, in fact, is 
only the sine of the given arc — a result too small, because the sine is 
less than its arc. 

Again, let the straight line /a be the given radius = 1/2, and let 
the straight iines sr, s(, be the tangents of the given arc, each of which 
_ 1 
~W 

Then, by Article 6, 5/2X^-0 = ^V^ = "'■^a of the circum- 
scribed double triangle. 

Dividing this area by the given radius, we have s^i/g -^ l/2 = sij. 
which is said to be the arc of the given circle, but which is, in fact, 
only the tangent of the given arc — a result too large, because the tan- 
gent is greater than its arc. 

Again, !et the straight line /s'be the given radius = 1/2, and let 
the straight lines sr, s(, be the sines of the given arc, each of which is 
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triangle for double the number of Bides ; for 55 X |/2 = qq = *^^ 

area of the insoribeil double triangle for doable the number of sides. 

Thcu, dividing the area by the given radius, we have — -=- |/2 ^= 

tTHV^2t which, it is said, is the aro of the given circle, hut which is, in 
fact, only the sine of the given arc — a result too small, because the 
sine is less than its arc. 

For the next step let ua take the sine, radius, and tangent of Oases 3, 
4, 5, 6, or 7, and if they do not furnish an example sufficiently small, let 
the result be carried as far as it is possible for human power and en- 
durance to carry it ; and if this again is too small, let us picture to our 
imagination an example small enough to satisfy the moat mathematical 
exactitude ; the relative ratio will still be the same, namely : dividing 
the area of the circumscribed triangle by the radius gives for the result 
the tangent, which is too large; and, dividing the area of the inscribed 
double triangle for double the number of sides gives for the result the 
sine, which is too small ; but the inscribed and circumscribed double 
triangles, by all former methods, arc either inscribed or circumscribed 
polygons, and whatever is true of one member of a class is true of the 
whole class; therefore the result obtained by any former method is 
either too great or too small ; and if, as there is nothing to prevent the 
inscribed polygon from extending beyond the circle, nor to prevent 
the circumscribed polygon from coming within it, which is very pos- 
sible, for the limit of the two polygons is the limit obtained ; then the 
result obtained by all former methods must be too small ; and,' conse- 
quently, the rectangle under the radius will not give the trtie area of 
the given circle. 

Again, let the radius of the given circle be i/2, and the tangent of 

the given are be ^■, then, by Article 6,-\/2X ^=-^V2- And 
the secant of the given arc is p— ; then, dividing the area of the cir- 
cumscribed dpuble triangle by the secant of the given arc, we have 
1 ,- 99 1 ,_ W 1 _ , . 
70I/2 - 70 = *rtl''2 X M == M^^ = t'le sme of the given arc. 
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But the area of the inscribed double triangle for double the number 
of aides divided by the radius gives the Bame result, namely ; ^i/2 = 
the sine of the given are. 

Therefore the area of the circumscribed double triangle divided by 
tho secant is equal to the area of the inscribed double triangle divided 

by the radius, namely : ^qi/2i which is a result too small. 

But by the present method the 'sum of the tangents, which is the 
perimeter of the circumscribed polygon, vanishes together with that 
polygon. 

And the sum of the sines, which is the perimeter of the inscribed 
polygon, becomes the circumference of the circle at the same time that 
the inscribed polygon becomes the circle ; therefore the secant vanishes 
and the cosine becomes the radius, which is the 1/2. 

Consequently (Proposition 7, Theorem), Hie tnte ratio of the cir- 
cwmference to the diameter of {he circle is as 3.142857, or 3^, is to 1 ; 
and, therefore, the last t^rm of the ratio vanishes also. 

The following demonstration is taken from " Elements of Euclid," 
by James Thompson, LLD., pp. 124-5. Belfast: Symmes & Mcln- 
tyre. London : Longman & Co., and Simpson & Co. : 

Prop. XIX. THEOS.^In numbers which are continual proportionals, the 
difference of the firet and second is to the first, as the difterence of the first and 
last is to the sum of all the terms except the last. 

If A, B, C, D, E be continual proportionals. A — B :A :: A— E;A + B + 
C + D. 

For, since (hyp.) A:B::E:C::ClD:!D:E, we have (Sup! 8) A : B : : 
A-i-B + 0+D:B + C + D + E. Hence (conv.) A : A — B :: A + B+ C + 
D: A~E; and (inver,) A~B : A :: A — E : A + B + C + D. 

It is evident that if A were the least lerm, and E the greatest, we should get 
in a similar manner, B — A : As: B — A:A + B + C + D. Therefore, In 
numbers, etc, | — ^3 ; f : : f : J. For ^ = ^ — ^'j = ^s> ""'' iXi — ^- 

Then ^-^j% = ^X'^=i- Therefore the sum of the series ^ f t", + j^t 

Coi-. If the series be an infinife decreasing one, tlie last leoa will vanish, and, 
if 8 be pot to denote the sum of the series, the analogy will become A — B : A 
:: A : S; and this, if rA be put instead of B, and tlie first and second terms be 
divided by A, will be changed into 1 — r : 1 : : A : S. The number r is called 
tlie eommmt raiio, or common muUiplki; of tlie series, as by multiplying any term 
by it the succeeding one is obtained. 
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PART SECOND. 



THE SQUARE ROOT OF TWO, 



THE COMMON MEASURE OF THE SIDE AND DIAGONAL 
OV THE SQUARE; 



T, EAST, AND CONVENIENT METHOD OF FrSDINO EaTHEB THE SIDE OB 
DIAGONAL OF THG SQITABE, WHEN THE OTHEB IS KNOWN, BY 
COMMON MULTIPLICATION AND DIVISION; 



THE SQUAEE ROOT OF TWO, BY DIVISION ALONE, TO ONE 
HUNDRED AND FORTY -POUR DECIMAL PLACES. 
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THE SQUARE ROOT OF TWO. 



The following pages are intended to explain the nature, uses, and 
advantages of the Ckinvmon Measure, as applied to Civil Engineering, 
Architecture, Draughting, Machinery, Building, Painting, and Land- 
scape Gardening. 

Numerous instances could be given where it has been already tested 
and found to be everything that could be desired. 

According to PROPOSITION 1, CoR, Part I, the side of any square 
is to the dioganal as '■'■one is to the square root of two; that is, if the 
side of any square be ONE (1), the diagonal must be the square root of 
two (1/2); therefore, by the ordinary method, to find the diagonal of 
a square, when the aide is icnown, use the following 

KULE. 

Take as many figures of the square root of iuio as loill make the result 
gu^dently exact, and multiply these figures hy the number of units vn the 
side of the giveW square, the product will he the true diagonal in terms 
of the side of the square. 

HoTE.— [f tJie side o£ tlie aquare bg eipreawa In inoliKs, the diagoaal will alao be eiprSBseil 
Id iucbes; buttttheBldebeeKpreBsedlufeetoFrada, elc,,thedingoan! nill be expressed in feet 
ormda, ete.; andit tHe atde conUinadecliuBl or h fraclioQ, the result ol that decimai or f rao 
tlon nill have its ooiresponding result in the diagonal. Irt all cases the reqitl^e jmmber <tf_fiewet 
tf Ike square root qf lire mast first it dbtaineil. 

When the diagonal is given, to find the side, it is not so easy a task, 
and requires more time and labor than to find the diagonal when the 
side is known ; but, for the benefit of those who still prefer the former 
metliod, I shall here insert the rule which embraces two cases. 

Case 1. 

If the diagonal is expressed in integers, such as 1, 2, 3, etc., the side 

of the square is found by dividing these numbei^ by the square root 

of two ; the result will be the aide in the same denomination as the 

diagonal. 

(136) 
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Case 2, 

If tlie diagonal contiiins either a fiaction or a deiiaiil tins fraction 
must first be reduced to a decimal and tin v^luc poititel iff is, in 
reduction of decimals. If a decimai only, it must fii&t be pointed off, 
then divide tliia decimal by the squaiL. rootof tuo accoiding to the 
rule for divisioo of decimals, the quotient will be the side of the 
square in terms of the diagonal ; bul m all cases the leqmsile number 
of figures of the square root of two musl fit it he found 

To find an exact common measuie of the side and diagonal of the 
square would be equivalent to finding the exact value of the squire 
root of two ; but the square root of two n an irrational quai tily there 
fore it has no end. It is believed th.it the (ollowin* common meisuie 
comes nearer to an exact commoo measare th in any that has leen here 
tofore found, as it can be extended ad mftnitant and when eiihet the 
side or the diagonal of any square is known the other i.an he found by 
cominon mvlPipUcation and division. 

Owing to the difficulty of working out the necesairj figuies ot the 
square root of two, and the tax upon the mind necessaiy to remem 
her the same, civil engineers, architect" diaughtsmeu builders etc , 
have long since felt the want of a Com'mon measure expressed in 
integers, or a seriea of numbers, which would ehpi e%-> the i elation hetiou.n 
the side and diagonal of the square; one that couid be easily remem- 
bered, plainly understood, and readily applied. Such, for example, as 
the ratio between the circumference and diameter of the circle, found 

by Mcetius in 1640, namely : ^p-^, or 113J355, which it is said will give 

the ratio to six decimal places correct, viz.: 3.141592. 

The author is happy to state that such a common tneasure of the side 
and diagonal of the square has been found which may be expressed in 
integers, and he ventures to hope that when it is fully tested the old 
method of squaring the side, doubling and extracting the square root, 
will be gladly cast aside as a noble relict of "Auld Lang Syne," when 
simpler and easier methods were unknown. 

The common measure here introduced combines all the advantages 
of conciseness, simplicity, and perfection, for by its aid the desired 
results are reached much more rapidly than by any former method and 
with equal exactness. 
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First Example. — Suppose a builder is laying the foundation for a 
house and wants to make each of the corners a right angle — that is, a 
perfectly square eorner; how will he do it? 

Answer. — Fii-st measure 10.5 feet on each side of the right angle 
iu the direction of the sides, commencing at the angular point; then 
the distance across from the two extreme points 'will be 14.85 feet, or 
14 feet, 10.2 inches. This result is found by multiplying the side of 
the given square by 99 and dividing the product by 70, whioh gives 
the desired result. Seo Plate 8, Figure 1. 

Second Example. — ^Suppose a civil engineer, while surveying, 
wants to lay out a right angle without the use of his instruments ; 
how will he do it? 

Answer. — -Measure with a tape line any distance, on either side of 
the right angle, say 105 feet, in the direction of the aides, commeaoing 
at the angular point. Then will the distance across from the extreme 
points be 148.5 feet, or 148 feet 6 inches. This result is found pre- 
cisely like the former, namely, by multiplying the side of the given 
square by 99, and dividing the product by 70, which gives the desired 
result. See Plate 8, Figure 2. 

Third Example. — Suppose a mechanic has a given circle, the di- 
ameter of which is 9.9 feet, or 9 feet 10.8 inches, and he wants to find 
the side of the largest square which it is possible to inscribe in the 
given circle ; how will he find it? 

Answer. — Multiply the giveu diameter by 70, and divide the pro- 
duct by 99, which will give the desired result, which will be 7 feet. 
See Plate 8, Figure 3. 

If any person has a desire to tost the correctness of these results by 
the former method, he is at liberty to do so, and will find them correct 
to the fourth decimal place. 

Note— In the third eiample above, tlie diameter of the circle may he regardeS aa thB diago- 
nal of the given square, the side of ohicUwBsriqiiiicd to betouua; tbetefore the square which 
is sD formed within the gi'en circle is ssid la be inscribed within it. 

From these three examples, which embrace two cases, we deduce the 
following rules : 



When the side of any square is known, to find the diagonal correct 
to four places of figures. 
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THE SQBARE EOOT OP TWO. 139 



Rule. 



Multiply the aide of the given square hy 99, and divide the product 
by 70 ; the quotient will he the diagoBal of the square in terms of the 
side. 

Case 2. 
When the diagonal of any square is kcown, to find the side. 

Rule. 
Multiply the diagonal of the giveo square hy 70, and divide the 
product by 99 ; the quotient will be the side of the given square in 
terms of the diagonal. 

Note.— It is belicvoa by the author that the above numliers will aosiver every purpose for 

Oldinary mind. If, hoirtytr, still grcoCor necucaoy la required, attcutioQ ia iUTited lo tliB fol- 
lowing, whicli tbe author renturea to liope will be fouud lo lie sufSciently correct lo satiaf j the 

By (7ase 2, Paet 1, it is shown that where the radius of the given 
circle is the square root of two, the side of the inscribed square will ho 
two, and the side of the inscribed square, the diagonal of which corro- 

Bponda with the radius, is one. Therefore the secant No. 2 is =jr, 

which, hy division, gives the square root of two to five places of figures 
correct, thus : 1.4142 ; that is, if the side of the inscribed square, the 
diagonal of which corresponds with the radios, he divided into 70 equal 
parts, the diagonal of the same square will he 99 of the same parts 
nearly. 

By Case 3, Part 1, it is shown that the secant No. 3 is : ;„„,.,. 
■'. ' ' 13800' 

which, by division, gives the square root of two to nine places of fig- 
ures correct, thus: 1.41421356; that is, if the side of the inscribed 
square, whose diagonal corresponds with the radius, be divided into 
13860 parts, the diagonal of the same square will be 19601 of the 
same parts nearly. 

By Case 4, PakI 1, it is shown that the secant No. 4 is ■- — ■--—, 

which, by division, gives the square root of two to 18 places of figures 
correct, thus : 1.41421356237309504 ; that is, if the side of the in- 
scribed square, the diagonal of which corresponds with the radius, be 
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divided iuto 543339720 parts, the diagonal of the same square will he 
768398401 of the same parts nearly. 

By Case 5, Part 1, it is showa that the secant No. 5 is 
1180872205318713601 ,,. ^ ^ ,. . . 

835002744095575440 ' ^^"'^' ^^ '*'^'''**"' S"'^' ^^^ ^^"^^'"*' ""' ^^ ^'"' 
to 36 places of figures correct, thus : 14142135623730960488016887- 
2420969807 ; that is, if the side of the inscribed square, the diagonal 
of which corresponds with the radios, be divided into 8350027440955- 
75440 parts, the diagonal of the same sciuaro will he 1180872205318- 
713601 of the same parts nearly. 

By Case 6, Part 1, it is shown that the secant No. 6 is 
2788918330588564181308597538924774401 r- v r ,- . . 
1972063063734639263984455073299118880' ' ^ '*'™'°''' S^^^^ 

the square root of two to 72 places of figures correct, thus : 14142135- 
62373096048801 688724209698078569671875376948073176679737 99- 
0732478 ; that is, if the side of the inscribed square, the diagonal of 
which corresponds with the radius, be divided into 1972063063734639- 
2.63984455073299118880 sides, the diagonal of the same square will be 
2788918330588564181308597538924774401 of the same parts nearly. 

Bj Case 7, Part 1, it is shown that the secant No. 7 is 
1555613090938580753522477984263968662546864806579817762712- 
10 999845 05605235876371 971 6313591 64002982364405164672043531 - 
6514337489817601 ,.,,,..■ 

78423921595 81760-' ''^"'^'' ^^ ^'"'^™' ^'^^ "^'^ '«"''" '"'"'* "^ *^° *^ 
144 places of figures correct, thus: 1.4142135623730950488016887242- 
0969807856967187537694807317667973799073247846210703885038- 
7534327641563643977195724018929160771077122366330384600627; 
that is, if the side of the inscribed square, the diagonal of which 
corresponds with the radius, be divided into 109998456550523587637- 
19716313591 sides, the diagonal of the same square will be 1555613- 
090938580753522477984263968662546864§065798177627126514337- 
489817601 of the same parts nearly. 

By Case 8, the square root of tv/o can be found, by division, to 288 
places of figures, by Case 9 to 576 places, hy Case 10 to 1152 places, 
and so on ad injmilum ; and, iu every case, if the side of the inscribed 
square, the diagonal of which eoi-responds with the radius, be divided 
into the requisite number of parts, the diagonal will still bo expressed 
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bj a certain number of the same piirts till it reaches tlie vanishing 
point, ivhen tlui square root of the sum of the squares of the two sides of 
any square can be extracted exactly, 

But if by the word " infinite," indefinite extension only is meant, thea 
the operation maj be continued without end, and in THAT CASE there 
will forever remain an indivisible unit, the square root of whieh never 
can be extracted. 

If, then, the true ratio of the circumferenoe of the circle to ite diam- 
eter be as 3i^ is to 1, and the radius of the given circle be the y'g, 
then will the area contained within the given circle be 6|, and the side 
of the inscribed square will be two, while the area will bo four. But 
the area of the circumscribed square is dotible the area of the inscribed 
square, therefore the area of the circumscribed square is 8. 

Again, the square described upon the diameter of any circle is equal 
to the circumsoribed square. 

But the diameter of the given cirole is -[/gi '^lerefore the area of the 
circumscribed square is equal to j/g X v'S ^ ^■ 

Again, the area of tbo inscribed square is one~half the area of the 
circumscribed square ; therefore the area of the inscribed square is i. 

Now the area of the given circle is 6^, and the area of the inscribed 
square is 4,. and the area of the circumscribed square is 8 ; therefore the 
area of the circle is to the areaoftke insorihed iqvare as 11 is to 7; and 
the area of the circle is to the area of the circumscribed square as 11 
ia to 14. 

Therefore to find the area of any circle, when the diameter is known, 
use the following 

Role. 

Multiply the square of the diameter hy 11, and divide the product hy 
14, the quotient will he the area of the circle; or, sqtiare the radius, and 
multiply it by 3^, the product loill he the area of the circle. 
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PART THIRD. 



ON THE RIGHT-ANGLED TRIANGLE; 



A VAEIETY OF METHODS FOE FINDING AN INFINITE SERIES 

OP EIGHT-ANGLED TKIANGLES, THE SIDES OF WHICH 

SHAXL EB IN WHOLE NUMBEES, FOE THE USE 

OF CIVIL ENGINEEES, AECHITECTS, 

DRAUGHTSMEN, AND MECHANICS. 

(143) 
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ON THE RIGHT-ANGLED TRIANGLE. 



OF BIGHT-ANGLED TRIANGLES IN NUMBERS, OR EIGHT-ANGLED 
TRIANGULAR NUMBERS. 

Eight-angled triangular nuinbors aro rational numbers so related 
to each other that the sum of the squares of two of them is equal to 
the square of the third. 

The numbers 3, 4, and 5 have this property — 3^ -{- 4^ being equal 
to 58. 

Kight-angled triangular numbers must be severally unequal, for if 
the two less ones could be each represented by a, aud the third or 
greatest by &, then 2a^ = t^, b^= a-\/% an irrational number, whatever 
is the value of a. 

The area of a right-angled triangle, whose sides are rational, can not 
be equal to a rational square. 

If a, b, and c represent the sides of a triangle, and C be the aagle 
opposite c, then, if C^OO", a2+i= = c»i if C=: 120°, a^ -j- at + i^ 
= c2; and if C= 60°, «= — at + i^ == c^. 

If n represent any number, and m any other number less than n, 
tten n^-\-m^ will represent the hypothenuse of a right-angled plane 
triangle, of which the other two sides are respectively n\ m\ and 2nm. 

For example, if »=2 and m^l, then mH"*^^^, ji^— m==3, and 
2n.m=;4, which are right-angled triangular numbers. 

If «^7 and m^2, the formulas give 53, 45, and 28 for the num- 
bers, and 532=2809=45s-f 282. 

We shall now propose and solve a few of the most curious problems 
respecting the right-angled triangles. 

Frobi-em 1, 
To find as many right-angled triangles in numbers as we please. 
This may be effected by the concluding formulas, which we have 
just given, but we think it right to add the following methods : 
(U4) 
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Take auj two numbers at pleasure, for example 1 and 2, which 
WG shall call generating numbers ; muitiply them together, haying 
donblod the product, we obtain one of the sides of the triangle, which 
in this case will be 4. If we then square each of the generating num- 
bers, which ia the preseot example will give 4 'and 1, their difference 
3 will be the second aide of the triangle, having 1 and 2, for their 
generating numbers are 3, 4, and 5. 

If 2 and 3 had been assumed as generating numbers we should have 
found the sides to be 5, 12, and 13, and the aumbera 1 and 3 would 
have given 6, 8, and 10. 

Another Method. — Take a»progression of whole or fractional num- 
bers, 1^, 2-|, 3^, and 4|, etc., the properties of which are : 

1st. The whole numbers are those of the common series and have 
unity for their common difference, 

2nd. The numerators of the fractions annexed to the whole num- 
bers are also the natural numbers. 

3rd. The denominators of these fractions are the odd numbers 3, 
5, 7, eto. 

Take any term of this progression, for example 3|, and reduce it to an 
improper fraction by multiplying the whole number 3 by 7, and adding to 

24 

21 the product, the numerator 3 will give -=■■ The numbers 7 and 24 

will be the sides of a right-angled triangle, the hypothenuse of which 
may be found by adding together the square of these two numbers, 
viz.; 49 and 576, and extracting the square root of the sum. The sum 
in this case being 625, the square root of which is 25, this number will 
be the hypothcnuse required. The sides, therefore, of the triangle 
produced by the above term of the generating progression are 7, 24, 
and 25. 

In like manner the first term will give the right-angled triangle 3, 
4, and 5 ; the seuond term, 2|, will give 5, 12, and 13 ; the fourth, 4f , 
will give 9, 40, and 41. All' these triangles have the ratio of their sides 
different ; and they all possess this property, that the greatest side and 
the hypothenuse diffei- only by unity. 

The progression, Ig, 2|^, 3J|, 4^g, etc., is of the same kind as the 
preceding. The first term of it gives the right-angled triangle 8, 15, 
and 17 ; the second term gives the triangle 12, 35, and 37; the third 

10 
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triangle 16, 63, 65, etc. All these triangles it is evident are different 
in regard to the proportion of their sides ; and they all have this pe- 
culiar property, that the difference between the greater side and the 
hypothenuae ia the numher 2. 

Problem 2. 

To find any nnmber of right-angled triangles in numbers, the sides 
of which shali differ only hy unity. 

To resolve this problem we must find out such numbers that the 
double of their squares, plus or minus unity, shall also he square 
numbers ; of this kind are the numbefa 1, 2, 6, 12, 29, 70, etc, for 
twice the square of 1 is 2, which, diminished by unity, leaves 1, a 
square number. In like manner twice the square of 2 is 8, to which, 
if we add 1, the sum 9 will be a sc[«are number, and so on. 

Having found these numbers, Uke any two of them which immedi- 
ately follow each other, as 1 and 2, or 3 and 5, or 12 and 29, for gen- 
erating numbers ; the right-angled triangles arising from them win be 
of such a nature that their sides will differ i'rom each other only by 
unity. 

The following is a table of these triangles, with their generating 
numbers : 



70 169 23600 23661 33461 

But if the problem were to find % series of triangles of such a na- 
ture that the hypothenuse of eaeh sh )uld exceed one of the sides only 
by unity, the solution would be much easier Nothing in this case, 
would be necessary but to assume as the generating numbers of the 
required triangles any two numbers having unity for their differ- 

The following is a table, similar to the preceding of the six first 
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right-angled triangles produced by the first numliers of the natural 



6 7 13 84 85 

If we assume as generating numbers the respective sides of the pre- 
ceding series of triangles, we shall have a new series of right-.angled 
triangles, the hypothcnuse of which will always be square numbers, as 
may ho seen iu the following table : 



13 84 2184 6887 

It may be here observed that the roote of the 1 
always equal to the greater of the gcDerating numbers increased by 
unity. But if the second side and the hypothenuse of each triangle 
in the above table, which differ only by unity, were assumed as the 
generating numbers, we should have a series of right-angled triangles, 
the least sides of which would always be squares. 

A few of these are as follows ; 



40 41 81 3280 3281 

la the last place, if it were required to find a series of right-angled 
triangles, the .sides of whioh shall be always a cube, we have nothing 
to do but to take, as generating numbers, two following t«rms in the 
progression of triangular numbers, as 1, 2, 3, 6, 10, 15, 21, etc. 
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By way of esample, we sliall here give the first four of these tri- 



10 15 300 125 326 

The following short and easy method for finding a series of right- 
angled triangles, together with the rule for their solution, is inserted 
by the author with the hope that it may be of service to practical 
men. The triangles which belong to this series must all have these 
properties in eommon. 

1st. All the sides of the given triangles shall be expressed in inte- 
gers, and the shortest of the three sides, which we will call the per- 
pendicular, shall he expressed by one of the odd numbers, 3, 5, 7, 9, 
11, 13, 15, 17, 19, etc. 

2nd. The hypothenuse of each triangle shall exceed the longer of 
the other two sides, which we will call the base, by unity. 

3rd. The square described upon the perpendicvlar shall be equal to 
the sum of the other two sides. 

4th. If the square of the perpendicular be increased by unity, the 
surn, divided by two, will give the hypothenuse of the given triangle ; 
but if the square of the perpendicular be diminished by unity, the 
difierence, divided by two, will give the base of the given triangle. 

5th. If an arc of a circle be described across double the width of 
the triangle, with a radius equal to the base of the triangle, the double 
of the area of the given triangle, divided by the hypothenuse, will 
be the dne of the given arc. 

6th. If the base of the given triangle be divided by the hypothe- 
nuse, it will give the verged sine of the given arc. 

7th. If the square of the radius be divided by the hypothenuse of 
the given triangle, it will give the cosine of the given arc. 

PrOBIiEM 1. 

For example, let 3 be the perpendicular of the given triangle; then 
3^ ^^ 9 :^: sum of the other two sides. 

Because 9 + 1-5-2 = 5^ the hypothenuse of the given triangle. 
Again, 9 — l-i-2^4^ base of the given triangle. 
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ON THE RIGHT-ANGLED TRIANGLE. 149 

Therefore the sides of the triangle are expressed in the integers 3, 
4, and 5. 

Again, 5 — 4 ^^ 1. Therefore the hypothenuse exceeds the base 
by unity. 

Now 3 X 4 =z: 12 ^ double the area of the given triangle. 

Thea 12 -4- 5 = 2,4 = the sine of the given are. 

And 4 X 4 = 16;= the square of the radius or base of the triangle. 

Then 16 -=- 5 ^ 3.2 == cosine of the given are. See Plate 9, Fig- 
ure 1. 

Subtracting the cosine from the radius will give the versed sine of 
the arc. 

Problem 2. 

Let 5 be the perpendicular of the given triangle ; then 5^ := 25 ^^ 
the sum of the other two sides. 

For 25 -f ^ -^ 2 ^ 13 := the hypothenuse of the given triangle. 

Again, 25 — 1 4- 2 = 12 ^ the base of the given triangle. 

Therefore the sides of the given triangle are expiessed by the inte- 
gers 6, 12, and 13. See Plate 9, Figure 2. 

Problem 'A. 

Let 7 be the perpendicular of the given triangle ; theo 7^ = 49 ^ 
the sum of the other two sides. 

For 49 + 1 -^ 2 ^ 25 ^ the hypothenme of the given triangle. 

Again, 49 — 1 -i- 2 ^ 24 ^ the hane of the given triangle. 
"Therefore the sides of the given triangle are expressed by the inte- 
gers 7, 24, and 25. See Plate 9, Figure 3. 

Problem 4. 

Let 9 be the perpendicular of the given triangle ; then 9^ ^: 81 :^ 
the sum of the other two sides. 

For 81 -j- 1 "i' 2 ^= 41 ;= the hypothewuie of the given triangle. 

And 81 — 1 -H 2 =; 40 ^ the hose of the given triangle. 

Therefore the sides of the given triangle are expressed by the inte- 
gers 9, 40, and 41, See Plate 9, Figure 4. 

The other parts to the triangle are found exactly in the same man- 
ner as shown in Problem 1, and the student is recommended to make 
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the caloulation for himself. The triangles, ns may readily be seen, can 
be continued ad infinitum. 

The following table will give the first 14 of the series, which the 
student can continue as far as ho may desire. 

Perpendicului. JJase. Hypofhenuae. 
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A CHAPTER ON CONSTRUCTION 



FOR THE USE AND BENEFIT OF 



DRAUGHTSMEN, BUILDERS, 



MECHANICS. 
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CONSTEXJCTION. 



Plate 10. 
TO EEECT OR LET FALL A PEEPENDICULAE. 

Problem 1, Figure 1. 
To Bisect the Right Line AS hy a Perpendicular, 
1st. With any radius greater than half of the given line, and with 
one point of the dividers in A and B, successively draw two arcs inter- 
secting each other in Cand D. 

2nd. Through the points of intersection draw Ci>, which is the per- 
pendicular required. 

Problem 2, Figure 2. 

From the Point D in the Line EF to Erect a Perpendicular. 

1st. With one foot of the dividers placed in the given point D, with 

any radius leas than one-half of the line, describe an are cutting the 

given line in £ and C. 

2nd. From the points B and C, with any radius greater than BJ), 
describe two arcs cvitting each other in G. 

3rd. From the point of intersection draw GD, which is the perpen- 
dicular required. 

Problem 3, Figukb 3. 
To Erect a Perpendicular when the Point D is At or Near the End of a 

1st. With one foot of the dividers in the given point D, with any 
radius, as DE, draw an indefinite arc Gff. 

2nd. With same radius and the dividers "in any point as E, draw the 
are BDF, cutting the line CD in B. 

3rd. From the point B, through E, draw a right line cutting the arc 
in P. 

(3) 
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4. From F draw FD, whicli ia the perpendicular required. 

Note.— It will be pcrueiTed that the ere BSP is a semicireie, and the right line SFti di- 
ameter; If, from the aitrcmities of a sorai circle, right lines lie drawn to any point in the cmve, 
the angle formed by them wilt be a right angle ; thia affords a ready method of forming a " square 
comer," and will ba found uaoful on many occasions, aa its accuraey may be depended on. 

Problem 4, EiauaE 4. 

Another Method of Erecting a Ferpendicular when At or Nea/r the End 
of a lAne. 
Continue the line HD toward G, and proceed as in Problem 2. The 
letters of reference are the same. 

PeOBLEM 5, PiGDRE 5. 

Frorn, the Point D to Let Fall a Perpendicular to the Line AB. 

1st. With any radius greater than HG, and one foot of the com- 
passes in D, describe an arc cutting AB in E and F. 

2Dd. Prom E and F, with any radius greater than EG, describe two 
arcs cutting each other as in C 

3rcl. Prom S draw the right line DC, then DG is the perpendicular 



Problem 6, Figure 6. 
ff7i€n l]ie Point D is Nearly Opposite the End of the Line. 
1st. From the given point D, draw a right line to any point of the 
line AB, as 0. 

2nd. Bisect OD by Problem 1 in E. 

3rd. With one foot of the compasses in E, with a radius equal to 
ED or EO, describe an arc cutting AB in F. 

4th. Draw DF, which is the perpendicular required. 

Note.— The reader will perceive that we have arriyed at the Hamo result aa we did bj Prob- 
lem 3, but by a different process, the light angle being formod with a semicircle. 

Problem 7, Figure 7. 

Another Metliod of Letting Fall a Perpendicular when the Given 

Point D is Nearly Opposite the End of the Line. 

1st. With any radius, as ED, and one foot of the compasses in the 

line AB, as at F, draw an arc DEC. 



y Google 



PLATE XI. 




y Google 



y Google 



CONSTRUCTION . 5 

2ncl. With any other radius, as ED, draw another arc DEC, cut- 
ting the first are in D and G. 

3rcl. From D draw DC, and DG is the perpendicular required. 

Note. -The points Knnd F. from whiol 
.JSwUladmltaf, as theexRctpolntotiD 
tbat the nearer two lines cross eacl! othei 

PeOBLEM 8, FlGTJRE 8. 

To Erect a Perpendicular Line at i>, the End of the Line C i>, with a 
Scale of Equal Fai-ts. 

lat. From any scale of equal parts take three in your dividers, and, 
with one foot in D, cut the line CD in S. 

2ad. From the same scale take four parts in your dividers, and, with 
one foot itt D, draw an indefinite arc toward £!. 

3rd. With a radius equal lo five of the same parts, and one foot of 
the dividers in £, cut the other are in E. 

4th. Prom E draw E D, which is the perpendicular required. 

NOTB iBt, I£ four parts were firat taken in the dlyiders and laid off on the line C3, then 

three parts should he used for atrildng the Indefiailo arc at A, and the five parts struck bma. 
the point C, whleh would give the intersection A and arrivo at the same reaiiit. 

2nd. On refsrrlng to the deflnWnna of angles, It will be found that tiiat aide nf a right-angled 
Irtangle opposite therlght angle ia called tlie hypothenuse ; thus tlie line SB is the liypolha- 
ause of the triangle EDB. 

8rd. The square of the hypotbenuse of a i^ht-angled triangle Is equal to the sum of the 
equares of hoth the other sifles. 

41h. Theaqnareof anumberls theproduetof thatnumher multiplied bjritself. Eiample: 
The length of the side J3^ is 4, which, multiplied hj 4, will give 10. The length of i)JF is 3, 
which, multiplied by 3, gives lor the square 9. The products of the two sides added blether 
^ve 29. The length of the bypothenuse is 5, wliich, multiplied hy 5, gives 25. 

Plate 11 
CONSTRUCTION AND DIVISION OF ANGLES. 

PkOBLEH 9, FlOTJBE 1, 
The Length of the Sides of a Triangle AB, CD, and EF being given to 
Construct ike Triangle, the Two Longest Sides to be Joined Together at A. 
1st. With the length of the liue CD for a radius, and one foot in A, 
draw an arc at G. 

2nd. With the length of the line EF for a radius, and one foot in 
B, draw an are cutting the other arc at G. 
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6 CONSTKUCTIOK. 

3rd. From the point of intersectioa draw GA and GB, which com- 
plete the figure. 

PkoBlem 10, Figure 2. 
To Gonstrue-t an Angle at K E^ual to an Angle at H. 

1st. From H, with any radius, draw an arc cutting the sides of the 
angle as at MN. 

2nd. From K, with the same radius, describe an indefinite arc at 0. 

3rd. Draw KO parallel to HM. 

4th. Take the distance from Jf to iVand apply it from OP. 

5th. Through P draw KP, which completes the figure. 

Problem 11, FieusE 3. 
Jb Bisect the Given Anglo Q by Right Iiine. 
1st. With any radius, and ono foot of the dividers in Q, draw an 
arc cutting the sides of an angle as in B. and S. 

2iid. With the same or any other radius greater than one-half B,S, 
from the points S and fi, describe two area cutting each other at T. 
3rd. Draw TQ, which divides the angle equally. 
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Problem 12, Figure 4. 
2b Trisect an Angle. 
1st. From the angular point "7, with any radius, deserihe an arc 
cutting the sides of the angle, as in jTand W. 

2nd. With the same radius, from the points X and W, cut the arc 
in I' and Z. 

3rd. Draw FFand ZY, which will divide the angle as required. 

Problem 13, Figure 5. 
In the Triangle ABO, to Describe a Circle Touching all its Sidet, 
1st. Bisect two of the angles by Problem 11, as A and B, the di- 
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CONSTRUCTION. I 

viding lines, will cut each other in D, then D is the center of the 

2nd. Prom D let fall a perpendicular to either of the sides, aa at F, 
then DF is the radius with which to describe the circle from the 
point D. 

Problem 14, FiauRE 6. 

On the Given Line AB to Conslrnct o« Equilateral Triangle, the Line 
AB to become One of its Sides. 

1st. With a radius equal to the given line, from the points A and B, 
draw two arcs intersecting each other in G. 

2nd. From Cdraw GA and CB to complete the figure. 

Plate 12. 

CONSTRUCTION OF POLYGONS. 

Problem 15, Figure 1. 
On a Line AB to Gonstntct a Square whose Side shall be Equal to 
the Given Line. 
1st. With the length .4 S for a radius, from the points A and B, de- 
scribe two arcs cutting each other in G. 
2nd. Bisect the arc CA or CB in D. 

3rd. From (7, with a radius equal to CD, cut the arc BE in E^ and 
the arc AF in F. 

4th, Draw AE, EF oaA FB, which complete the square. 

Problem 16, Fiqtjee 2. 

In the Given Square GHKJ to Inscribe an Octagon. 

1st. Draw the diagonals OK ani HJ intersecting each other in P. 

2nd. With a radius equal to half tlie diagonal from the corners 

GffK and J, draw arcs cutting the sides of the square in 0, 0, 0, etc. 

3rd. Draw the lines 0, 0, 0,0, etc., and they will complete the octagon. 
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Problem 17, Fiqure ; 



In a Given OircU to Inscrihe an Equilateral 'R-iangle, a Hexagon, and 
Dodecagon. 

1st. For the triangle: With the radius of the given circle from any 
point in the circumference, as at A, descrihe an arc cutting the circle 
in B and O. 

2nd. Draw the right line BC, and, with a radius eq^ual to BCfyoia 
the points B and G, cut the circlo in D. 

3rd. Draw DB and DC, which complete the triangle. 

4th. For the hexagon : Take the radius of the given circle and carry 
it round on the circumfereDce six times; it will give the points 
ABEDFC; through them draw the sides of the hexagon, The radius 
of a circle is always equal to the side of an hexagon inscribed. 

5th. For the dodecagon : Bisect the arcs between the points found 
for the hexagon, which will give the points for inscribing the dode- 
cagon. 

Problem 18, Figure 4. 

In a Given Circle to Inscribe a Square and an Octagon. 

Ist. Draw a diameter AB, and bisect it with a perpendicular by 
Problem 1, giving the points CD. 

2nd. From the points ACBD draw the right lines forming the sides 
of the square required. 

3rd. For the octagon : Bisect the sides of the sqn&re, and draw per- 
pendiculars to the circle, or bisect the arcs between the points A CBD, 
which will give the other angular points of the required octagon. 

Problem 19, FtouRE 5. 

On the Given Line OP to Construct a Pentagon, OP being the Length of 
the Side. 

1st. With the length of the line OP from 0, describe the semicircle 
PQ, meeting the line PO extended in Q. 

2iid. Divide the semicircle into five equal parts, and from draw 
IIdbs through the divisions 1, 2, and 3. 

3rd. With the length of the given side from i* cut 1 in S, from 
5" cut 2 in E, and from $ cut 2 in iJ ; connect the points 0QS8P 
by right lines, and the pentagon will b 
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Problem 20, Figure 6. 



On the Given Line AB to Construct a Heptagon, AB heing the Length 
of the Side. 

Ist. From A, with AB for 3 radius, draw the semicircle BS. 

2nd, Divide the semicircle into seven equal parts, and from A, 
through 1, 2, 3, 4, and 5, draw indefinite lines. 

3rd. From B cut the line A 1 ia C, from CcutA2 in D, from G 
cut A 4in. F, and from F cut .i4 3 in E; connect the points hy right 
lines to complete the figure. 

Note.— Any polygon may be constrncted by this method ; the rule Is to divide the sfuil- 
drcle Into as many equal parta as there are sidoa in the requited polygon, draw the lines 
through all the diTislona except two, and proceed as above, Condderable care is reqoited 10 
draw tlieae figures accurately, on account o( the difficulty of finding the eiaet points o£ inter- 



Plate 13. 
PROBLEMS RELATINO TO THE CIRCLE. 

Problem 21, Figuke 1. 
To Find the Center of a Circle. 
1st. Draw any chord, as AB, and hisect it by a perpendicular ED, 
which ia a diameter of the circle. 

2Dd. Bisect the perpendicular ED by Prohlcm 1 ; the point of in- 
tersection ia the center of the circle. 

PlGUEE 2. 
Another Method of Finding the Center of a Circle. 
Ist. Join any three points ia the circumference as FGH. 
2nd. Bisect the cliords FG and Gil hy perpendiculars ; their point 
of intersection at (7 is the center required. 

Problem 22, Figure 3 

To Draw a Circle Through any Three Points not in a Straight Line, as 
MNO. 

1st. Connect the points by straight lines, which will be chords to 
the required circle. 
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10 CONSTEUCTION. 

2nd. Bisect tlie chords by perpendiculars; their point of intersec- 
tion at C is the center of the required circle, 

3rd. With one foot of the dividers at G, and a radius equal to 
CMCNoy GO, deecrihe the circle. 

Problem 23, Eigcre 4. 
To Find the Center for Describing the Segment of a Circle. 

1st. Let PR be the chord of the segment, and PS the rise. 

2nd. Draw the chords PQ and QR, and bisect them by perpendicu- 
lars ; the point of intersection at C is the center for describing the 
segment. 

Problem 24, Figobe 5. 

To Find a Bight Line Nearly Efjual to an Arc of a Circle as SIK. 

1st. Draw the chord HK and extend it indefinitely tcwarilg 0. 

2nd. Bisect the segment in / and draw chords SI and IK. 

3rd. With one foot of the dividers in H, and a radius equal to SI, 
cut SO in M; then, with the same radius, and one foot in M, cut SO 
again, in N. 

4th. Divide the difference, KN, into three equal parts, and extend 
one of them towards 0; then will the right line SO be nearly equal 
to the curved line HIK. 

Problem 25, Figure 6. 

To Find a Right Line Equal to the Semi-circumference AFB. 

1st. Draw the diameter AB and bisect, by the perpendicular FB., 
indefinitely toward G. 

2nd. Divide the radius CH into four equal parts, and extend three 
of these to G. 

3rd. At F draw an indefinite right line DE. 

4th. From G, through A, at the end of the diameter AB^ draw 
GAD, cutting the line DEia D; and from G through B, draw GBE^ 
cutting DE iq E; then will the line DE be equal to the semi- 
circumferenee of the circle, and the triangles DGE and AGB will 
be equilateral. 
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PAEABOLA. 11 

Note.— The right lines found by Ptoblems 2i and 25 aro not inBtliemalioally equal to the 
lespective curves, Ijut are aufficiootly corteot for all practical purposes. Worktum are in thf 
habit of using the following metliod for finding the length of B curved line : 

They ojpen their compneses to a small distance, and coDunenclng at one end, step off the irhola 
curte, EoOng the number of steps requited and the remsinder less than a atop, if any ; they 
then step off the same number of times, nlth the same distance, on the article to be bent 
around it, nnd add the remainder, which giTee them a length Buffielently true for their pur- 
pose. The error in this method HmDunts ta the sum of the diSerences between the arc cut off 
by each step and Ma chord. 

Plate 14, Fiouee 1. 
Ths Focus and Directrix of a Parabola heiag given, to Describe the 

First Method. — B^ Points. 

Let F be the focus and Bh the directrix of a pi 
draw -DC perpendicular to Bb, and bisect .fi) ii 
= VF, F is a point on the curve, and OV is the 

To find other points of the curve, draw uny 
A'a', A"a", etc., perpendicular to CD; then, with the distances DC, 
DC, DC", etc., as radii, and the focus .F aa a center, describe arcs 
intersecting the perpendiculars in A, A', A", etc. The points A, A', 
A", etc., io which the arcs cut the perpeodioulars are points of ths 
curve. 

For FA = DC= AB (Def, 1). 

We may thus determine as many points on the curve as we please, 
and the curve line which passes through a!! the points F, A, A\ A", 
etc., will be the parabola whose focus is F, and directrix Bb. 

Chr. The same radius determines two points of the curve, one above 
and one below the axis. Since AF= aF, FC is common to the two 
triangles AFC, aFC, and the angles at Care right angles ; therefore 
AC^-aC; that is, every straight line terminated by the curve and 
perpendicular to the axis is bisected by it ; and, consequently, the 
parabola consists of two equal branches similarly situated with respect 
to the axis. 

Moreover, since the radius FA is always greater than FC, the are 
described with F a,& a. center will always intersect the corresponding 
perpendicular, and there is, therefore, no limit t-o the distance to which 
the curve may extend on both sides of the axis. 
11 
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Plate 14, Figure 2. 
Second Metuod. — By Cmiiinuous Motioti. 

Let £C be a ruler whose edge coiuoides with the directrix of the 
parabola, and let DEG be a square. Take a thread eqnal in length to 
EG, and attach one extremity of it at ff , and the other at the focus F. 
Then slide the side of the square DE along the ruler BC, and at the 
same time keep the thread continually stretched by means of the point 
of a pencil, A, in contact with the square ; the pencil will describe one 
part of the required parabola. For, in every position of the square, 

AF+AG = AE'irAG, 
and hence, AF=: AE; that is, the point A is always equally distant 
from the focus i'and the directrix BC. 

If the square be turned over and moved on the other side of the 
point F the other part of the same parabola may be described. 

Plate 15, Figure 1. 

The- Major Axis and Foci of an Ellipse being given, to Describe the 
Ciirve. 

First Method.— .B^ Points. 

Lot AA' be the major axis and FF' the foci of an ellipse. Take 
E any point between the foci, and from F and F' as centers, with dis- 
tances AF', A'E as radii, describe two circles cutting each other in the 
point D] D will be a point on the ellipse. For, join FD, F'D; then 
EF+ EF' = EA'-\- EA'~AA'; and, at whatever point between 
the foci F is taken, the sum of DFmd DF' will be equal to AA'. 
Hence, by Def 1, D is a point on the curve ; and in the same manner 
any number of points in the ellipse may be determined. 

Cor. The same circles determine two points of the curve B and i/, 
one above and one below the major axis. It is also evident that these 
two points are equally distant from the axis; that is, the ellipse is 
symmetrical with respect to its major asis, and is bisected by it. 
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HYPERBOLA. Id 

Plate 15, FianEE 2. 
Second Method.— 5y Continuous Motion. 
Tate a thread equal in length to the major asia of the ellipse, and 
fasten one of its extremities at F, the other at F'. Then let & pencil 
he made to glide along tho thread, so as to keep it always etrotched; 
the eurvo described by the poiat of the pencil will be an ellipse. For, 
in every position of the pencil, the sum of the distances DF, DF' will 
be the same, viz.: equal to. the entire length of the string. 

Scholium. The ellipse is evidently a continuous and closed curve. 

Plate IfJ, Figure 1. 

The Transverse Axis and Foci of an Hyperbola being given, to Desa-ihe 
the Curve. 

First Method.— .Sj/ Points. 

Lot AA' be the transverse axis, and FF' the foci of an hyperbola. 
In the transverse axis AA' produced, take point F, and from F and F' 
as centers, with the distances AE, A'E as radii, describe two circles 
cutting each other in the point D; D will he a point in the hyperbola. 
FoT, }oin FD, F'D; then DF' — DF= EA'-~ FA = A A'; and at 
whatever point of the transverse axis produced F is taken, the differ- 
ence between DF' and DF will be equal to AA'. Hence, by Def. 1, 
D'ls a. point ou the curve ; and, in the same manner, any number of 
points, in the hyperbola may be determined. In a similar manner the 
opposite branch may be constructed. 

Gor. The same circle determine two points of the curve D and D', 
one above and one below the transverse axis. 

It is also evident that these two points are equally distant from the 
axis ; that is, the hyperbola is symmetrical with respect to its trans- 

PlATB 16, FiGUEE 2. 

Second Method. — .% Continuovs Motion. 

Take a ruler longer than the distance FF', and fasteii one of its ex- 
tremities at the point F'. Take a. thread shorter than the ruler, and 
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14 HYPERBOLA. 

fasten one end of it at F and the other to the end if of the ruler. 
Then move the ruler HDF' about the point F', while the thread is 
kept constantly stretched by a pencil pressed at^ainst the ruler ; the 
curve described by the point of the pencil will be a portion of an 
hyperbola. For, in every position of the ruler, the difference of the 
lines DFDF' will be the same, via. : the difference between the length 
of the ruler and the length of the string. 

If the ruler bo turned and move on the other side of the point F, 
the other part of the same branch may be described. 

Also, if one end of the ruler be fixed in F, and that of the thread 
in F', the opposite branch may be described. 

It is evident that each portion of each branch will extend to an ia- 
definitely great distance from the foci and center. 
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